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INTRODUCTION 

The  theory  of  orthogonal  polynomials  has  always  been  of  interest 
to  mathematicians  and  physicists  because,  if  one  excludes  the  trigo- 
nometric functions,  polynomials  form  the  simplest  orthogonal  set. 

From  the  point  of  view  of  application,  one  of  the  most  interest- 
ing and  important  problems  of  this  theory  is  to  find  the  conditions 
under  which  the  series  expansion  of  a  given  function  in  orthogonal 
polynomials  will  converge.  To  solve  this  problem  one  must  know  the 
asymptotic  properties  of  orthogonal  polynomials,  that  is  to  say  their 
behavior  when  their  number  increases  without  bound.  Asymptotic  for- 
mulas for  orthogonal  polynomials  have  been  found  in  general  by  G. 
Szego  [1,  5]  and   S.  N.  Bernshtein  [1].* 

The   first   problem  we  pose  in  our  monograph  is  to  derive 
the  asymptotic  formulas  under  conditions  more  general  than  those  of 
previous  authors  (in  particular,  under  certain  given  local  conditions). 

In  many  cases,  however,  it  is  not  so  much  the  existence  of  the 
asymptotic  formulas  which  is  important,  but  rather  the  boundedness  of 
the  orthogonal  set  on  the  entire  interval  of  orthogonality  or  on  some 
part  of  it.  The  problem  of  finding  the  conditions  for  such  boundedness 
was  first  stated  by  V.  A.  Steklov  [2].  Its  solution  is  quite  important, 
since  many  authors  formulate  their  results  conditionally,  in  forms  such 
as  "if  the  orthogonal  set  is  bounded,  then  .  .  . ." 

The  second  problem  of  our  monograph  is  thus  to  find  the 
conditions  under  which  the  set  of  orthogonal  polynomials  is  bounded 
on  the  entire  orthogonality  interval  or  on  a  part  of  it. 


*  References  are  to  the  bibliography  at  the  back  of  the  book. 
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2  INTRODUCTION 

But  an  even  more  general  problem,  of  primary  importance  in  the 
study  of  infinite  processes  related  to  orthogonal  polynomials,  is  to  find 
their  order  of  decrease  as  a  function  of  their  number,  without  assum- 
ing in  the  development  that  they  are  bounded;  this  is  the   third 
problem  whose  solution  is  discussed  in  this  monograph. 

We  shall  deal  with  polynomials  orthogonal  on  the  unit  circle,  as 
well  as  polynomials  orthogonal  on  a  finite  interval  of  the  real  axis. 

In  Chapters  I  and  II  we  investigate  some  properties  of  polynomi- 
als orthogonal  on  the  unit  circle,  properties  which  we  will  need  in  the 
sequel.  The  discussion  does  not  use  the  results  of  our  previous  related 
monograph  [1],  all  the  propositions  being  proved  anew  so  that  the 
present  work  can  be  read  without  reference  to  the  earlier  one.  In  the 
process,  we  take  the  opportunity  to  simplify  some  of  the  proofs. 

Chapter  in  is  devoted  to  estimates  on  the  entire   circle,  and 
Chapter  IV  to  local  estimates.  Using  the  results  of  these  chapters,  we 
find  in  Chapter  V  the  conditions  under  which  the  asymptotic  formulas 
are  valid  on  the  entire  circle  or  on  some  arc. 

Chapter  VI  is  devoted  to  the  general  theory  of  series  of  orthogonal 
polynomials,  which  may  be  thought  of  as  simple  generalizations  of 
power  series.  Some  classical  properties  of  power  series  are  generalized 
to  the  case  of  series  of  orthogonal  polynomials. 

In  Chapter  VII  we  study  the  sufficient  conditions  for  the  conver- 
gence of  the  Fourier -Chebyshev  expansion  of  a  given  function;  in 
particular  we  present  the  equiconvergence  theorem  relating  conver- 
gence of  the  Fourier -Chebyshev  series  expansion  of  a  given  function 
with  the  convergence  of  the  Maclaurin  series. 

In  Chapter  VIII  we  study  the  properties  of  an  orthogonal  system  in 
terms  of  its  so-called  parameters  rather  than  its  measure.  We  discuss 
this  problem  because  quite  recently  M.  G.  Krein  [2]  obtained  some 
very  interesting  results,  important  for  application,  which  may  be 
thought  of  as  the  continuous  analogs  of  the  results  developed  in  this 
chapter. 

We  go  in  such  great  detail  into. the  theory  of  polynomials  orthog- 
onal on  the  unit  circle  because  a  simple  formula  relates  them  to 
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polynomials  orthogonal  on  a  finite  interval  of  the  real  axis.  With  the 
aid  of  this  formula  it  is  a  simple  matter  to  use  our  results  for  the  circle 
to  arrive  at  estimates  and  asymptotic  formulas  for  polynomials  orthog- 
onal on  the  interval  [-1,  +1].  This  is  discussed  in  Chapter  IX. 

Because  many  of  the  results  obtained  may  be  difficult  to  distin- 
guish from  each  other,  we  present  the  principal  ones  in  tabular  form 
at  the  end  of  the  monograph  so  that  they  may  be  more  easily  com- 
pared. For  the  reader's  convenience  we  have  also  presented,  in  the 
form  of  notes  at  the  back  of  the  book,  complete  statements  of  all  the 
theorems  used  in  the  text. 

This  monograph  is  an  attempt  to  develop  and  apply  to  the  solu- 
tion of  important  problems  in  the  theory  of  orthogonal  polynomials  the 
methods  and  ideas  of  V.  A.  Steklov,  S.  N.  Bernshtein,  V.  I.  Smirnov, 
A.  N.  Kolmogorov,  N.  I.  Akhiezer,  M.  G.  Krein,  and  many  foreign 
scientists,  especially  G.  Szego,  P.  Erdos,  P.  Turan,  and  G.  Freud.  It  is 
not  ours  to  judge  the  degree  to  which  the  stated  problem  has  been 
solved;  in  any  case,  the  author  will  be  extremely  appreciative  of  any 
remarks  or  corrections. 

The  author  takes  pleasure  in  acknowledging  his  debt  and  expressing 
his  deep  gratitude  to  N.  I.  Akhiezer  for  his  careful  reading  of  the  man- 
uscript and  for  his  many  valuable  suggestions. 


CHAPTER  I 

SOME  PROPERTIES  OF  POLYNOMIALS 
ORTHOGONAL  ON  THE  UNIT  CIRCLE 

Let  {(Pn(z)}  be  a  set  of  polynomials  orthonormal  with  respect  to 
the  measure*  do(0)  on  the  unit  circle  |z|  =  1,  that  is,  satisfying 

2% 

0,     n  =fc  m, 


iy  *.<«••> *. (.*)*<<>)=  1(  na=Mt    (1.D 

0 

cf>n(*)  =  a„2»+...,     an>0,  (n  =  0,    1,   2,  .  ..), 


where  o(0)  is  a  bounded  nondecreasing  function  on  the  interval  [0,  2  ?r]; 
it  is  easily  seen  that  the  orthogonality  conditions  determine  the  ortho- 
normal  set  up  to  a  factor,  that  the  normalization  requires  that  this  un- 
determined factor  be  of  modulus  one,  and  finally  that  the  conditions 
an>  0  uniquely  determine  the  set.  We  shall  consider  (l/2fl")a(0)  to  be 
a  function  characterizing  some  mass  distribution  on  the  interval  [0,  2ir], 

with  the  mass  on  some  set  ecz[0,  2tcJ,  given  by  ^—  /  do  (6).   Thede- 

e 

rivative  o*(d)  =  p(9),  which  exists  almost  everywhere  on  [0,  2ir],  will 
be  called  the  density  of  the  mass  distribution;  if  o(6)  is  absolutely  con- 
vergent on  [0,  2fl],  we  shall  call  p(0)  the  weight.  If  o(0)  has  a  discon- 
tinuity at  0  0,  we  shall  call 

!*  =  2^(6o  +  0)-o(Oo-0)j 
the  concentrated   mass  at  that  point.  We  shall  assume  that  o (0) 


•*  The  Russian  might  be  better  translated  as  distribution.    Meas- 
ure  is  chosen  to  avoid  the  rather  obvious  confusion  with  modern 
terminology— Translator. 
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has  a  nondenumerable  set  of  points  of  increase.  If  this  were  not  so  we 
could  not  construct  the  infinite  set  of  polynomials  {</>n(z)}. 

The  general  theory  of  such  polynomials  for  the  case  of  abso- 
lutely  continuous  a(0)  has  been  developed  by  Sze go   [1,  5]  and 
Smirnov  [1,  3].  The  general  case  has  been  treated  in  the  work  of 
Akhiezer  and  Krein  [1],  and  later  by  the  present  author  [1,  3], in  whose 
work  one  will  find  an  explanation  of  how  this  theory  is  related  to  the 
trigonometric  moment  problem,  the  theory  of  pseudopositive  and 
bounded  functions,  etc. 

1.1.  We  shall  later  have  recourse  to  some  algebraic  properties  of 
the  functions  of  {(pn(z)}  ,  to  which  we  now  turn. 

1)  For  these  functions  we  have  the  relations* 

««?n+lW  =  ^i  +  l^n(z)  +  <Pn  -hi  (°)  <?*n(z),   }  (L2) 

(n  =  0,    1,   2,  ...),  J 

where 

?;(*)=*»?,, (7).   ?;(0)=a„,   («=o,  i,  2,  ...)•  (1.2-) 

To  prove  these  relations  we  write 

yw(*)-«n*»  Jy     {n)-   (1\. 
zn-\  —  Zj\  h    rk[2)< 

multiplying  on  both  sides  by</?^(z),  setting  z  =  e10,  and  integrating,we 
find  that  for  k  =  0,  1,  2 n-1 


2  n 


^  f  <?n  (*i0)  ^5e  *■  (0)  -a^f  e«<?k  (&)  d*  (0)  =  ji 


0  0 

Introducing  the  notation 

1 


±;fe**ik(e*)d*(P)  =  lk,  (k  =  0,    1,   2,  ...),    (1.3) 


*  See  G.  Szego  [1],  Section  11.4;  Ya.  L.  Geronimus  [1],  Section  3. 


POLYNOMIALS  ORTHOGONAL  ON  THE  UNIT  CIRCLE  7 

we  obtain 

ft=0 

from  which  we  have 

To  find  the  Xn,  we  set  z  =  0,  which  gives 

Tn+l  (0)  )    „         >     _        Tn+l  (0)  M.4) 

-t —  — — W    An  —  — — — »         v     ' 

an+l  anan+l 

and  this  leads  directly  to  (1.2).  To  obtain  (1.2*)  one  replaces  z  byl/z 
and  takes  the  complex  conjugates. 

2)   Our  functions  satisfy  the  relations* 

an+l-an=l?«  +  I(°)l2-  (»  =  0,    1,    2,  ...)■    (1-5) 

We  prove  this  by  multiplying  both  sides  of  (1.2)  by  z"11"1,  writing 
z  =  e10,  and  integrating,  to  obtain 

2%  2% 

^fe-i  &M- 1)  Ocpn  +  1  («*8)  tfa  (0)  =  «*fci y  e-i*9cpw  (^8)  rf0  (6)  + 

0  0 

2tc 

i   'Tw 


%pf'-i>9n(**)d°W> 


which,  with  (1.3)  and  (1.4), gives 

^-=^4-  y„+1  (0)xw  =  a±i-  J  fe±f  <°>  'a . 

an+l  an  aw  ana»+i 

3)   To  the  function  ^0(g)  =  e  "i0  corresponds  the  formal  Fourier - 
Chebyshev  expansion 


to  o>) — 2  J£Sr21  **<«">•  (1,6) 


ft=0 


*See  Ya.  L.  Geronimus  [1],  Section  4. 
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Indeed,  from  (1.3)  and  (1.4)  we  have 

2ir 


Lfe-i,9i{e%do(9)  =  Xk  =  -^M.,    (k  =  0,  I,  2,  . . .), 


2n 

0 


and  from  this  together  with  (1.5)  we  easily  obtain 
p 


r,2  «2 


2  1  1 


(1.6*) 


4)   These  functions  satisfy  the  Christoffel-Darboux  formula* 


^n  (X,  y)  =  y  <Pfc(*)<PftO>)  = =^ 

, L  1  —  JCV 

ft  =0  -" 


,  —  »  v" U,     i >    ^>    .  .  . )> 

1  — A:y 

(1.7) 

To  prove  this  we  calculate 


ym(*)ym(30-*y?w(*)T,n(y)  ,  m      ,  .- — t-t  a.7.\ 

: = r9m+i[X)9m+i(y><  {       } 

1  —  xy 

From  (1.2),  (1.2*),  and  (1.5),  we  obtain 

V-m+lXVm  (X)  =  awcpw  +  1  (X)  —  <pTO+1  (0)  f    (x), 


affl+i^W  =  awWW-"W(°)^W' 


(1.8) 


Eliminating  <^m(x)    and  x</?m(x)   by  these  formulas  and  using  (1.2) 
and  (1.5),  we  find  that  (1.7')  is  equal  to 


Tm+i  (f)  ?Wi  (y)  -  fgjWi  (f)  Wi 00 

1  —  xy 
The  second  form  of  (1.7)  is  obtained  by  using  (1.2),  (1.2'),  and  (1.5). 


*See  G.  Szego  [1],  Section  11.4;  Ya.  L.  Geronimus  [1],  Section  8. 
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5)   The  polynomial  <p     (z)  can  be  represented  byt 


ayn  (Z)  =  k„  (z,  o)  =  So  n  (*)  n  (0), 

To  prove  this,  set  x  =  z  and  y  =  0  in  (1.7). 
6)    We  obtain  the  inequality  * 


(n  =  0t    1,   2,  ...)• 
(1.9) 


(e^) 


(*o) 


rfo  (0)  > 


^Cn  (zo>  ^o) 


(1.10) 


where  Gn(z)  will  always  denote  an  arbitrary  polynomial  of  degree  no 

higher  than  n. 

n 

We  prove  this  by  writing  Gn  (z)  =  2  ^Wfc  (z)  and  making  use 

&  =o 

of  the  Cauchy-Bunyakovskii  inequality.  Then 


On(z0) 


7c  =0 


<  SKI2-  2l<M*o)l2  = 


fc  =  0 


Jc  =  0 


=  2^/|Oft(^°)l2^(0)./^(zo,  *o). 


One  easily  sees  that  equality  is  obtained  with  the  polynomial 


Gn(2)  =  e 


Kn  (2,  Zq) 


Kn  (^o-  2o) 
7)    We  obtain  the  inequality 


(1.10') 


n 
0  h=  1 


do(0),     (i.ii) 


«;    ^(ao) 

for  which  the  extremal  polynomial  is  (l/an)^  (z)# 

To  prove  this  one  need  only  set  z0  =  0  in  (1.10). 

8)   All  the  roots  of  </?n(z)  lie  within  the  region  |z|  <  1.  Indeed,  from 
(1.7)  we  see  that  if  |z|  <  1, 

T See  G.  Szego  [1],  Section  11.3.  (1.12) 
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so  that  <Pn(z)  }  0  for  |z|  <  1,  since 

K(*)|2>*S0-|*l2).       UK1- 


(1.12') 


}    (1.13) 


The  absence  of  zeros  of  <pn(z)  on  the  circumference  |z|  =  1  will  be 
demonstrated  later. 

9)   We  now  introduce  polynomials  of  the  second  kind  defined  by 

+» (z) = i„  /  J£§  i-p»  cie>  -  *»  Wl rf0  (e>> 

0 

2tc 

o 
Then  the  functions  #n(z)/</>n(z)  and 

2* 

^>=i/Sd0(9)>      l*K'       (i.i4) 

have  the  same  Maclaurin  coefficients  multiplying  the  {  z  }  0  • 


Indeed,  we  have 


2% 


■of»  (*)  =  —  i  /  J^  [**¥»  («*°)  —  <P*  (2)]  *  (8)  = 

0 

^V7  (*)<(*>— St/S^*^'*'^  (1-15) 


so  that 
c0[F(z)fn(z)-fJz)]  = 


27C 


71  o      I  fc=i  J  (1.151) 


2u 


zn'2^zk'^  f  e~m<?n  (eiQ)  d?  (0)  =  O^*1),    |  ^  |  <  1 . 

ft  =  1  0 
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Since  <pn(z)?  0,  for  |z|<  1,  it  follows  from  (1.15')  that 

F(z)  —  ^-  =  0(zn+i),  \Z\<\.  (1.16) 

TnW 

Later  we  shall  need  the  following  estimate  for  |z|<  r<  1,  which  follows 
from  (1.15)  and  (1. 12*): 


2tc 


< 


V 


rn  1      /*|£*e 


i9)l2^(0)< 


»(«tt)l<fe(0)< 


(l— /•)' 

(1.16') 
10)   We  have  the  relationship* 

C0  {  ft  (*)  ft  <*)  +  ?«  W  ft  W}  =  22"     ("  =  0,1,2,...);  (1. 17) 

in  particular 

f.\M?>\ ! 

0  u;utt)l-iv(«l,)|* 

To  prove  this  we  use  the  relations 


(»==0,    1,   2,  ...)•     (1.18) 


2rc 


Co[P(z)fJz)-fJz)]=zn.^f^±A^n^dHQ)f 


C  =  ei9, 


2tt 


(1.19) 


to  [/*  (*)  ?«  (*)  +  f  „  (2)]  =  ^  J  J-±£  9„  (C)  da  (9), 

0 

which  follow  from  (1.13)  and  (1.15).  We  then  obtain 

2ic 

co  i*.  w  ft  w  +-  ?.  w  ft  wi = ^  /  ^  2«  &  *> do  (e)- 


•  It  follows  from  (1.17)  that  <?n(z)  ^  0  for  |z|  =  1. 


12  CHAPTER  I 

and  from  (1.2")  and  (1.7)  we  have 

®n  (C,  z)  =  cpw  (0  ?;  (0)  —  *»<pw  (c)  9rt  (2) 

C«  —  zn 


^—  ?n  («)  *» (*)  +  *w  [?;  (0  ?;  (*)  -  ?n  (C)  cprt  (2)] 


Cw— ^        ,r,    *,  .    i    ar»(C  —  *) 


71-1 


*n&X&+  I      "I]    **(©?*(*)■ 


ft=0 

Further, 


61C 

W  C»(C-*)         -'f,W^(0)-- 


From  (1.3),  (1.4),  and  (1.2*)  we  obtain 

2*  OT_i 


0  /c=0 


ft=0                        0  A^o 

n_1   f      *          /    \  *    /    \     1  *    /    v 

y  I  t*+i(*>  ?*(*)  I  2     ?n  eg 

^    (       a/c  +  l  <*A:       J  a 


=  1 


which  leads  to  (1.17). 

11)   For  k  =  0,  1 n  we  have 


271 


s/ew4/'-"*'«-      "-2°> 


0        I  • »  *       -  i  o 

From  proposition  9)  above,  it  follows  that 


^n\  *)  *  k  =  n  +  l 

and  this  series  converges  if  |z|  si.  Setting  c_^  =  cj^,  therefore,  wehave 
which  leads  to  (1.20). 
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If,  therefore,  a  (0)  is  replaced  by  / _ we  find  that  none 

7  J   U*(^)\2  ' 


n 
n 


of  the  moments  {c^}-  ,  and  therefore  also  none  of  the  polynomials 
{<Pk(z)}  0  are  changed. 

12)   Within  the  circle  |z|<  1  the  function  defined  in  (1.14)  has  a 
positive  real  part;  almost  everywhere  on  the  circle  z  =  e1^,  0^0  ^2nt 
the  real  radial  boundary  values 

lim   F  (re**)  =  F  (e%       lim   8tF  (re*»)  =  —  p (6)    (1.21) 

r->l-0  r->l-0  c0 

exist.  More  specifically,  at  all  points  0O,  at  which  the  generalized  sym- 
metric first  derivative 

a(l)(y0)—    lim Of, 

h  +  0  zn 

exists,  we  have 

iim   dlF(re^)^  —  o(l)  (0O).  (l-21f) 

r->l-0  c0 

To  prove  this  we  note  that  the  real  part  of  F(re10)  is  given  by  the 
the  Poisson-Stieltjes  integral 

2% 

cJ*F  <««  j  = j.  fx_2r  J ,"  "_  fl)     r,  da  (9),    ,  <  1  (1.22) 

0 

with  a  nondecreasing  function  a (0),  and  is  therefore  positive  for  r  <  1. 
It  follows  therefore  from  Smirnov's*  theorem  that  F(z)  belongs  to  the 
class  H^ ,  6  <  1,  and  hence  has  radial  boundary  values  almost  every- 
where on  |z|  =  1. ' 

Assertion  (1.21*)  follows  from  well-known  results  of  the  summa- 
tion of  Fourier -Stieltjes  series  by  Abel's  (or    Poisson's)  method. t 

1.2.  Let  us  now  study  some  relations  which  obtain  in  the  limit 
as  n  ->  oo. 


*See  V.  I.  Smirnov  [3];  see  also  I.  I.  Privalov  [1],  Chapter  II,  4.5. 
tSee  I.  I.  Privalov  [1],  Chapter  II,  1.1,  2.1. 
tSee  A.  Zygmundfl],  Sections  2.14,  3.44. 
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We  introduce  the  space  L°(0,  2tt)  of  complex- valued  periodic 
functions  f  (&)  with  the  usual  definition  of  the  norm 


r    /  2n 

Vif 


2k 

/li°H!/    -j\f:''\    :    •■ 

0 

and  when  da(0)  =  d0,  we  will  suppress  the  index  a  for  simplicity. 
13)   The  infinite  or  finite  limit 


n  ->  oo 


exists.  To  prove  this  it  is  sufficient  to  note  that  according  to  (1.5) 
0<an<an+1. 

-i0 

14)    For  the  function  %(0)  =  e        we  have 


CO 


<Pfe+i(0) 


Jc=0  *3>"    a^+1 


^0 

27C 


Tg-/  I  to (6)  I2  da (9) -^,(1-25) 


0 

where 

lim  min|^o(0)  — On(^)||;  =  l>0.  (1^25-) 

n>oo  Gn 

15)  The  following  statements  are  all  equivalent: 

a)  the  function  lno*(9)  is  integrable;  this  is  to  say 

2% 

fin  a' (8)  do  >  —  oo;  (1.26) 

o 

b)  the  set  U  ={</?n(e     )}0  of  polynomials,  i.e.,  the  set  of  powers 

r  in0-ioo    .  ,  .    To 

te      |0  ,  is  not  closed  mL2; 

c)  the  function  ipQ(9)  =  e      cannot  be  approximated  by  polynomi- 
als to  arbitrary  accuracy  with  the  metric  L2 ; 

d)  the  finite  limit 

iima„  =  a  (1.27) 

n->co 

exists; 
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)   the  series   2j  I  9k  (z)  I    converges  at  least  at  one  point  in  the 


&-o 


region  |z|  <  1; 


f )   there  exists  a  subsequence    {cp*   (z)\     bounded  at  least  at  one 

point  in  the  region  |z|  <  1. 

Let  us  assume  that  U  is  not  closed,  and  therefore  not  complete  in 

L  2 ;  then  there  exists  a  function  cp  (0)  £  L\    inequivalent  to  zero  and 
orthogonal  to  all  functions  of  U,  i.e.,  satisfying  the  conditions 


2* 

2* 


L  f  <p(Q)emda(Q)  =  0,       (k  =  0,   1,2,...).      (1.28) 


o 


Multiplying  each  of  these  integrals  by  z"*"1,  |z|>  1  and  summing  over 
k,  we  obtain 


2* 

T 


lfm^i=0,     ,„>,.        (,28, 


o 
We  introduce  the  notation 

2k 


*(*)  =  ■£  f  ^ZJ  •       dx  (6)  =  e-»<f  (0)  da  (0)  (1.29) 


Since 

2tc  2tc 


sr/  l^(e)|  =  A.  /|cp(e)|^(0)<||cp||2v/co<(X), 


2 

o  o 


t  (9)  is  a  function  of  bounded  variation. 

The  function  X(z)  in  (1.29)  is  an  analytic  function,  regular  for 
|z|  <  1;  since  (1.29)  is  a  representation  of  this  function  in  the  form  of 


*  The  equivalence  of  a)  and  b)  has  been  shown  by  A.N.  Kolmogorov 
[1,2]  and  M.  G.  Krein  [1].  The  condition  under  which  a  set  of  poly- 
nomials is  not  closed  in  Lr   for  r  >1  was  found  by  N.  I.  Akhiezer  [1] 
for  the  case  of  orthogonality  on  the  unit  circle;  for  the  general  case  of 
orthogonality  on  a  rectifiable  Jordan  curve,  this  condition  was  found  by 
the  author  [2]  for  r  >  1,  and  by  G.  Ts.  Tumarkin  [1]  for  r  >  0. 
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an  integral  of  the  Cauchy-Stieltjes  type,  and  since  X(z)  =  0  for  z  >  1, 

Eq.  (1.29)  is  indeed  a  Cauchy-Stieltjes  integral.  Thus  \(z)£Hv  \z\<  1 
and  the  boundary  values 

\(ei*)=   lim  l(rei^)=='z/(b)  =  e-i9^f)a/(Q)       (1.30) 

r->l-0 

exist  almost  everywhere  in  [0,  27T],  with  the  boundary- value  function 
X(ei@)  satisfying* 

2k  2-rc 

j\n\\(e^)\dB  >  —  oo,        f  |X(^)|dG  <  oo.      (1.31) 

0  0 

Using  (1.30)  we  find  that   In  {  |  cp  (8)  |  o'(0)}  £  Llf    whence 


2k 


2k 


CO 


<  J  ln+  a'  (6)  d0  +  J  ln+  {  |  cp  (6)  p  a'  (6)}  tfG  + 


271 


-4  Jln-a/(G)^6  + Jin-  { |  <p  (0)|2a'(0)}  rf0  <  +  oo  f 

0  0 

On  the  other  hand,  the  conditions  c/(0)  £  Ll5  cp  (0)  £  L£  iniply  that 


2ir 


f  ln+  a'  (0)  rfO  <  J  a'  (G)  dG  <  +  oo, 

0  0 

2n:  2it 

Jln+{|cp(0)|2a/(G))t/G<  J  |  cp  (0)  |*  a' (0)  rfO  < 

0  0 

271 

<  /|cp(G)|2tfa(G)<+co, 


and  therefore 


(1.32) 


2k 


oo  <  f  In"  o'  (G)  rf0  +  J  In-  {  |  cp  (0)  |2  a'  (G)  d0. 


*See  I.  I.  Privalov  [1],  Chapter  II,  Section  5. 

(  In  a,  a>  1, 
t  We  use  the  notation  h\+a  =  { 

\    0,    0<a<l, 


ln~  a=\n  a— ln+  a. 
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Since  both  terms  are  negative,  we  arrive  at 

2k  2k 


—  oo<   f  ln-a'(6)tf0,         —  oo  <  J*  In  a' (8)  rf0  <  +  oo. 


Assume  now  that  (1.26)  is  given.  From  (1.11)  we  have 


2ic 


al  2u  ./  a„.  2tt  */ 


W 


a'(6)dB, 


and  using  the  fact  that  the  geometric  mean  of  a  function  is  no  greater 
than  its  arithmetic  mean,  we  obtain 

1                f   2   ■  ?    '  I  •*  (^9)  1         f    i      ?  1 

>exp{— /  In  p rf0}exp{-L/  In  o' (9)  rfB  J  = 

=  exp{-~f\na'(Q)(ft  >,     (1-33) 

I         o  J 

where  we  have  used  the  fact  that    <p  n(0)  =  an.  According  to  (1.26), 
therefore, 


2n 


J-  =  lim  -L  >  exp  |  —   An  a'  (6)  rf6  >  >  0,     (1.34) 

a2  n  +  oo  an  |    2tt  „/ 

which  then  implies  d). 

The  equivalence  of  c)  and  d)  follows  from  (1.25*),  and  c)  in  turn 
implies  b). 

Equation  (1.12*)  implies  that  for  |z|  <r  <  1  the  sequence  {cp^(z)} 
is  uniformly  bounded  from  below.  A  theorem  due  to  P.  Montel*  states 

that  there  exists  a  subsequence  of  polynomials-  Icp*   (z)\     such  that  we 
have  uniformly 


lim  cp*   (z)  =  iz(z), 


z\<r<  1 


(1.  35) 


♦  See  P.  Montel  [1],  Section  17. 
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where  tt(z)  is  an  analytic  function  which  may,  however,  be  infinite 
identically;  since  ^(z)  4  0  for  |z|  <1,  it  follows  from  Hurwitz's 
theorem  that  7r(z)  j  0  for  |z|  <  1. 

Because  cp*  (0)  =  an  it  follows  that  condition  a)  is  equivalent 
to  the  condition  that  7r(z)  £  oo,  which  means  that  the  subsequence  of 
(1.35)  converges  to  a  function  7r(z)  which  is  not  identically  infinite. 


From  (1.12)  and  (1.9)  we  obtain  the  inequalities 

^n  \zO*  zo)  ^  j I  z  |2 


fn  (2o)  I2  (1.36) 


n 

12 


I  art?n  (*<>)  —  am<?m  (*o)  I    <        Si  9k  (zo)  \2  '       Hi      \  9k  (0)  | 2, 

fc  =  ra-{  1  &  =  ra  +  l 

m<n,     |*0|<1,  (1-361) 

and  we  are  assured  in  all  cases  of  the  existence  of  the  limit 

lim  Kn(z0>  2o)  =  2  |<Pft(*o)|2<oo,  |20|<1.  (1.37) 

M  ->  oo  A  =  0 

The  boundedness  of  the  subsequence    fcp*   fcM   at  a  single  point 
|z|  <  1  implies  that  this  subsequence  converges  for  all  |z|  <  1  to  the 
function  tt(z)  fi  co,  and  then  (1.36)  implies  in  turn  that  the  series  in 
(1.37)  converges  throughout  the  region    |z|  <  1.  This  together  with 
(1.36*)  then  leads  to  the  convergence  of  the  entire  sequence  {</>n(z)} 
throughout  the  region  |z|  <  1;  thus  assertions  a),  e),  and  f)  are 
equivalent. 


CHAPTER  II 

THE  PROPERTIES  OF  THE  FUNCTION  tt(z) 

Let  us  consider  in  more  detail  the  case  in  which  the  integral  of 
(1.26)  exists.  This  case  was  first  investigated  (on  the  assumption  that 
o(d)  is  absolutely  continuous)  by  Szego,   who  also  introduced  the  func- 
tion  tt(z),  defining  it  not  as  the  limit  of  the  sequence  {  (/?£  (z)}  ,  but 
directly  in  terms  of  the  weight  p(0);  in  the  sequel  we  will  show  the 
equivalence  of  these  two  definitions. 

It  follows  from  the  above  considerations  that  condition  (1.26)  is 
necessary  and  sufficient  for  the  validity  of  the  limit  relation  * 

oo 

llm  <  (*)  =  t  2 1^?*  <*>  =  *(*)»     l*l<i.   (2-1) 

and  in  a  closed  region  |z|  <r  <  1  the  convergence  is  uniform.  We  will 
show  that  the  limit  function  tt  (z),  regular  for  |z|  <  1  according  to 
Weierstrass'  theorem,  possesses  the  following  important  properties: 

a)    — — -  £  H2,  from  which  it  follows  that  the  radial  boundary 
values 

1  ..  1 

—  =    hm    —  (2.2) 

«(*d)      r+i-o  %(re^)  K      ' 

exist  almost  everywhere  in  [0,  27r]  and  fulfill  the  inequalities 

f ^— -  <  oo,       fin cft>  —  co.     (2.3) 

J       I  *  (^)  I2  J  I  K  (^)  P 

0  0 


*G.  Szego  ([1],  Section  12.1)  has  shown  the  sufficiency  of  this 
condition  for  absolutely  continuous   a  (9). 
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b)  Almost  everywhere  in  [0,  2  7r]  we  have 

L—  =  p  (8)  =  a'  (0).  ( 2#4) 

c)  The  function  ir  (z)  can  be  represented  by  the  formula 


2iz 


/SS-'-p  (•)-•} 


almost  everywhere  in  [0,  27r],  and  its  radial  boundary  values  are  given 
by 

«(«*p)=?   lim  Tz(rei<?)=    .1 e^\  \ 

z*  I    (2.6) 

T(cp)  =  arg7u(^)  =  ^Jctgi=^lnjt7(0)^e 

o  J 

(the  integral  is  understood  in  the  sense  of  the  Cauchy  principal  value, 
and  exists  almost  everywhere  in  [0,  27r  ],  since  In  p  (6)  £  Z,,)    * 

d)  If  p  (6)^:  m  >  0  almost  everywhere  in  [0,  27r],  then 
1 7r  (z)  |  —  l//m  throughout  the  region  |z|  <  1. 

e)  if  Ec[0,  2tc]  is  a  set  of  points  on  which  the  derivative 
o*(0)  =  p  (0)  exists  and  is  finite  and  positive,    and  if  one  writes 

where  y£  (9)  is  the  characteristic  function  of  the  set  E,  one  obtains  the 
formal  Fourier-Chebyshev  expansion 

00  1 

a  =  it  (0)  =  lim  an  =  lim  <p*  (0), 


n->oo  n->oo 


(2.7») 


* 
Obviously  mes  E  =  27T, 
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which  implies  that 

8n  =  min||iu0(e)  — 0w(^)||a2=   «o(6) -  ^  ?;  («*■) 


n 


.tEES-i/  s 


%(0)|2.(2.8) 
ft  =  n+l 

f )  The  function  tt0  (0)£  Z,£    satisfies  the  condition  of  closure  * 

lim8n=limmin||iu0(e)— On(«*B)||2=0.         (2.9) 

7l>00  W->00   Gn 

g)  We  obtain  the  limit  relations 

4r  f\np(B)dQ\,        (2.10) 

a'         w->oo  a-  I   ^  J  J 

which  go  further  than  (1.34).' 

To  prove  property  a)  we  recall  that  (2.1)  tells  us  that  in  the 
closed  region  |z|  <  r  <  1  we  have  uniform  convergence  of 

hm  7-= rsr  == — ■ ; 

n>oo  |<p*  (Z)  |2  |'*Wp 

on  the  other  hand,  according  to  (1.20) 

2tt  2tc 

2nJ   \<?*n(rei»)\2^2nJ    |  t*„  Ui6)  |2  ~  ^ 
since  the  integral  on  the  left  side  is  a  nondecreasing  function^  of  £. 


*  For  absolutely  continuous  o  (9)  this  result  was  obtained  by  V.  I. 
Smirnov  [3],  Section  10. 

t  Equation  (2.10)  holds  also  when  the  integral  in  (1.26)  does  not  exist 
if  we  agree  to  consider  the  right  side  of  (2. 10)  zero  for  this  case.  This 
result  was  first  obtained  by  S.  Verblunsky  [1];  for  the  case  of  absolute- 
ly continuous  o  (e),  it  was  obtained  by  G.  Szego  [1],  Section  12.3, 
N.  I.  Akhiezer  [1],  and  others. 
t  See,  for  instance,  I.  I.  Privalov's  monograph  [1],  p.  41. 
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In  view  of  the  fact  that  the  sequence  of  functions 


ll?»l2} 


continuous  for  |z|  <  r  <  1,  converges  uniformly  to  a  function  which  is 
therefore  also  continuous  in  this  region,  we  have 

„l>:dK(^)[^=^,/T^)7<f0•     r<K 

o     '  o 

Now  this  inequality  holds  for  all  values  of  r  <  1,  so  that       .  r  £  //2 
(by  definition  of  the  class  H2);  then  the  existence  of  the  radial  boundary 
values  of  (2.2)  with  the  properties  given  by  (2.3)  follows  from  the 
known  properties  of  class  H5  functions. 

To  prove  property  b)  consider  the  harmonic   function 

f  <l>*  (reiQ)   )  1 

C(fll  I  J± . —  \  }which  according  to  (1.18)  takes  on  the  value , — : — — — 

I  Vn(retB)   J  \fn(e t8)|2 

iA  1 

on  the  circumference  z  =  e    ,  and  the  harmonic  function  1—r- — ^— -, 

i  |tw(^g)|2 

which  takes  on  the  value   In  ,— = — ^— ^  on  the  same  circumference. 

We  express  both  these  functions  in  terms  of  their  boundary  values  by 
means  of  Poisson's  integral 


>    (retB)    )         1      /• 


where  P(r,e-</>)  is  the   Poisson  kernel 

P(r,  0  — ?)=j—  2/-cos78--?)  +  ^'     r< 
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which  has  the  well-known  property 

2re 


\^f  P(rt  6  —  cp)tfcp=l 


2 
o 


We  now  use  the  fact  that  the  weighted  geometric  mean  of  a  function  is 
no  greater  than  its  weighted  arithmetic  mean,  obtaining 

1      ,  «f*I(«w 


[  V  (re"*)   1 


l  »;<«">. 

We  now  fix  r  <  1,  go  to  the  limit  as  n  -*  oo,  and  make  use  of  (2.1)  and 
(1.16*),  obtaining 

U(rU)|2<^{/7(^iQ)}>     O<0<27r,     r<  1.(2.11) 


Now  both  functions 

1 


F  (re*) 


it  (re*)  ' 

have  radial  boundary  values  in  the  limit  r  -*  1  —  0  almost  everywhere 
on  the  circle  z  =  e1^,  0<  0  <  2  7r.  Let  E*  be  the  set  of  points  on  which 
this  is  true.  We  then  see  that  both  these  functions  are  continuous  for 

£i9£  E'  for  all  values  0  s  r  ^1,  and  therefore  going  to  the  limit 
r  ->  1-  0,  in  (2.11),  we  obtain,  using  (2.2)  and  (1.21), 

i     il«M*  <P^  (2-12) 

J  it  (ei<>)  |2 

for  eiB£  E't  or  almost  everywhere  on[0,  2ir], 

Let  us  assume  that  the  strict  inequality  in  (2.12)  holds  on  some  set 
of  positive  measure;  we  apply  Gauss'  theorem  to  the  harmonic  function 

In  | — r-r-jy ,  whose  boundary  values  on  the  circle  z  =  e10  give  a  sum- 
mable  function.  This  then  gives 

I    1     /»                    I               I   1     /•             i  I 

exp{^  /  ln/?(0)rf0>>exp{^  /  In l- J0  }  = 


=  exp  <  In 


71  (0)  p 
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which  contradicts  (1.34),  so  that  (2.4)  is  valid  almost  everywhere  on 

[0,  2  7T]. 

To  prove  property  c)  we  note  that  according  to  a)  and  b)  and  the 
parametric  representation  of  class  H2  functions,*  we  have 

2tc 


f  1 


X 


2% 


Xexp{-L  /"«l+£.^(fl)V       |*|<  1,(2.13) 

where  b(z)  is  the  Blaschke  product  for  this  function,  X  is  a  positive 
number,  and  4>  (6)  is  a  nonincreasing  function  whose  derivative  van- 
ishes almost  everywhere. 

Since  7r  (z)  is  regular  for  |z|  <  1,  it  follows  that  l/?r(z)  has  no 
zeros  in  this  region,  and  therefore  b(z)  =  1.  Setting  z  =  0  in  (2.13), 
we  obtain 

-^  =  l  =  ^.expj.Ly'lnM9)d9J.exp^/rflKe)j,   (2.14) 

and  since  a  is  a  real  number  it  follows  that  X  =  0.  Furthermore,  we 
have 

2% 

Jrf<j)(6)<0,  (2.15) 

o 
since  ip  (0)  is  a  nonincreasing  function,  and  we  therefore  obtain 

2k 


{  \ 

!<expji/lnp(e)rfe    , 


which,  together  with  (1.34),  implies  that     I  dty(Q)  =  0    and  there- 

o 
fore  that  ip  (6)  =  const.  We  thus  arrive  at  (2. 5),  which  in  turn  gives 

(2.10)  when  we  set  z  =  0. 


*See  V.  I   Smirnov  [2]  and  I.  I.  Privalov  [1],  Chapter  II. 
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Consider  the  analytic  function 

In  it  (z)  =  In  | « (2)  |  +  /  arg  rc  (2)  = 

=  -i/S37,n'(6)d9'    |z|<1'  (2a6) 

0 


regular  in  the  region  |z|  <  1,  Properties  a)  and  b)  and   (1.26)  imply 
that  this  function  has  radial  boundary  values  almost  everywhere  on  the 
circumference  |z|    =  1.  Its  real  part  is  given  by  the  Poisson  integral 

ln|  tt  (rei(t)  |  = 

=  ~  /  ^— ^ In    __?_  rf6,     r<l    (2.16') 

2«  «/     i_2rcos(<p  —  8)  +  r2       V>  (0) 


and  therefore  has  a  radial  boundary  value  at  every  point  at  which  p(0) 
is  the  derivative  of  its  indefinite  integral.  The  imaginary  part,  accord- 
ing to  the  theory  of  summation  of  conjugate  trigonometric  series  by 
Abel's  (or  Poisson 's)  method,  has  a  radial  boundary  value  at  every  point 
<p  at  which  the  integral 

2m 

T~  /  ctg— ^^Inp(6)d0  =  arg7:(^)=   lim    argTr(r^)  (2.17) 

4«  J  I  r-M-0 


exists  in  the  sense  of  the  Cauchy  principal  value.* 

Property  d)  is  obvious:  if  it  were  true  that  1 7r  (Zq)  |  >  1/Vm, 
|zo|  <  li  the  harmonic  function  In  |7T(z)|    would  attain  its  maximum  at 
some  internal  point  of  the  interval  |z|  <  1,  and  this  is  impossible. 


*See  A.  Zygmand[l],  Sections  3.321,  3.45,  7.1;  see  also  G.  Szego 
[1],  Section  10.3. 
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To  prove  (2.7)  and  therefore  (2.8)  we  calculate  the  Fourier- 
Chebyshev  coefficients  of  TtQ(d): 

an  =  ±  /  *o  (6)  fJ?*)  do  (0)  =  ^  /  *  («*•)  <P« (««)  P  (8)  <*<>  = 


0 

27t 


2*  J    7i  (^0) 


For  n  =  0,  1,  2,  .  .  .  ,  we  have 

2x 

«(0) 


n        2*  J     n  (ert)  2ni     J       zk  (z) 


o  *      '  |g|=l 

and  this  leads  directly  to  (2.7)  and  (2.8). 

Equation  (2.9)  is  a  consequence  of  (1.5),  (1.9),  and  (2.7),  accord- 
ing to  which 

oo 

a2  —  an=    2    \(?k(°)\2>       liman  =  a, 

fr  =  n+l  n  ->  co  (2.18) 


awcPw(2)=2?A(0)cPfe(2:)- 

A;=0 

We  note  in  conclusion  that  from  (2.8)  and  from  the  inequalities 
a0<X<a,         (n  =  0,    1,  2,  . . .),  (2.19) 


we  are  led  to 


/"^.V^=^<8(, 


S    l^(°)l2<]/  |- 1^=^,(2.20) 

fc  =  ra-i  l 
inequalities  which  show  that  as  n  ->co,  the  decreasing  quantities    6n 
and  Va  -an  are  of  the  same  order. 

Remark    2.1.  For  future  use  we  prove  the  following  proposition. 
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Let  integral  (1.26)  exist   and  cp  (0)  £  L\     be  a  function  all  of 
whose  Fourier -Chebyshev  coefficients  vanish,  i.e.,  such  that 

cn  =  ±f  <f(B)  <f»(e«) da (B)  =  0,      («  =  0,   1,  2,  ..  4(2.21) 

0 

Then  this  function  may  in  general  be  represented  in  the  form 


cp(6)  =  g-^0(G)1x(^),  (2.22) 

where  u(e^)  is  the  boundary  value  of  an  arbitrary  function  [a  (z)  £  H2. 


Indeed,  from  (1.28)  and  (1.29)  we  have 

2% 


JV*etfT(0)  =  O,         (k=\,  2,  3,  ...), 
o 

from  which,  according  to  a  well-known  theorem  of  F.  and  M.  Riesz 
it  follows  that  r  (6)  is  absolutely  continuous.*  Then  according  to 
(1.29)  we  should  have     cp  (6)  =  0,   0  £  £,    and  thus  (1.30)  implies  that 


cp  (6)  =  ^-^e  J  tu  (**BJ  |2  X (e*0)  ^ (0). 
Since     l(z)^Hl    and   — —  £  H2,  it  follows  obviously  that  In  |  \(e^)\ 
In  1 7T  (e^) !  £  Z,j    and  hence  that  In  |tt  (ei8)  X  (£*9)  |  £  Lt .  In  view  of  the 
fact  that  cp  (0)  £  La2  ,  we  have 

2*  2% 

f  |  Cp  (0)  |2  rfo  (0)  =    f  I  X  (**»)  TC  (g*8)  |2  dB   <  DO, 


and  if  we  set  u(z)  =  \(z)  7r(z),  we  find  that  jj,  (2)  g  7/2  ,  so  that  (2.22) 

holds.  The  converse  is  also  easily  demonstrated,  namely,  that  given 
any  function  </?(9)  satisfying  (2.22)  (i.e.,  with  an  arbitrary  function 

p(z)£H2)  ,  all  of  its  Fourier -Chebyshev  coefficients  vanish. 


*See,  for  instance,  I.  I.  Privalov[l],  Chapter  II,  Section  5.6. 
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Assume  that    ~ tqtG  ^i«     Then  we  have  the  following  example, 


due  to  Szego  [5]  (Section  15): 


y^sfr&bggigSL,      |aKl. 

The  Fourier -Chebyshev  coefficients  of  this  function  all  vanish;  for 
this  particular  case 

r  v   '  Z  —  a 


In  a  previous  note  [  9]  the  present  author  has  given  the  simpler  example 

V 


¥(6)  =  e^10 >n  (Q),  to  which  corresponds  the  extremely  simple  function 


u(z)=  1. 

Remark   2.2.    We  make  an  observation  about  the  properties  of 
orthogonal  polynomials  which  we  shall  find  important  in  the  sequel. 

If  the  integral  (1.26)  exists  and  if  one  writes 

da(B)  =  p(B)dB-\-da1  (6), 

where  ox  (0)  is  the  sum  of  a  step  function  and  the  singular  component 
of  o(0),  one  obtains 

II ?»(«")£' <]A^  3.  («  =  0.   1,  2.  ...)•    (2.23) 

We  prove  this  by  considering  the  inequality 


2«  ,  _  2tc 


0< 


f     *»<**>       L   1    2df)  =  ±.   f\*nl<*) 
0      i       \     /  o 


2tc  •/     I    «  (<?*'fJ) 


tfO 


r        2*  *            \  27t 

l     /•  cp  (<?*rj)       !  l  i* 

I     ill    e/           71  ((?*'')                   i  2K    «/ 

(  I  3  1  =  1  J 


I  *  I' 

2m 


=  2-2.^-i/|?„(e«)i^3l(0), 

which,  together  with  (2.20),  gives  (2.23). 
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ESTIMATES  ON  THE  ENTIRE  UNIT  CIRCLE 

3.1 .   Consider  a  complex-valued  function  /(Q)^^  ,  of  period 
27r ,  and  construct  for  it  the  Jackson  sum  (or  polynomial)  * 

"*(e>  =  2icv  (2».+  l)   J         .     1„       J'®*'    (3'1} 
Since 


w 


4  2v-2 

p-e)  ; 

=    >  lk  (cos  £0  cos  ^  +  sin  kO  sin  £/)> 


ls"4<'-0)j       fri 

mv  (9)  is  a  trigonometric  sum  of  order  2V  —  2,  i.e., 

2v-2 

wv  (0)  =  2  (%  cos  ^  +  ^fc  sin  ^)> 
fc=o 

with 

o*  +  ibk  =  2nv (23v^+ 1)  / /(0 «"' dt  (*  =  °>  '.2 2*-2)' 

0 

If  almost  everywhere  on  [0,  2tt]  the  function  f  (t)  coincides  with  the 
boundary  value  of  some  analytic  function  of  class  Hx  on  the  circle 
z  =  eu,  then  as  is  well  known'   we  must  have 

2k 

ff(t)ei«tdt  =  ak  +  ibk  =  0  (*=1,  2,  . . .). 


*  See,  for  instance,  I.  P.  Natanson  [1],  p.  114. 
t  See  I.  I.  Privalov  [1],  Chapter  II. 
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We  then  have 

ak  cos  M  +  bk  Sin  M  =  ^Hak-tb,)+e-M(a,c+lbk)  =  <rt  e« 

which  means  that  \xv{Q)  is  a  polynomial  of  degree  2V  —  2  in  e1^. 

We  now  define  for  a  function    /(6) £  L*     its  w e i gh t e d   in- 
tegral   modulus   of  continuity 

^(8;  /)=   sup  ||/(0 +*)_/(9)C;  (3.2) 

I  tl  I  -^  0 

when  do  (0)  =  d9 ,  we  will  drop  the  index  o.* 

a       r 
The  function  uT  (6;j  )  has  the  following  properties: 

1)  It  is  a  nondecreasing  function  of  6.  Indeed,  if  6j  >  62  >  0, 
then  |h|  <  62  implies    |h|<  6j.  Therefore  the  upper  bound  for 

|  h|  <  6j  is  no  less  than  the  upper  bound  for  |  h|   <  62. 

2)  For  any  positive  integer  m  we  have 

i»r(mh;  /)<mov(S;  /).  (3.3) 

To  prove  this  it  is  sufficient  to  note  that 

m 

/(8  +  «A)— /(8)=2  {/(8  +  ftA)  —  /[8  +  (A— 1)*]). 

whence 

m 

||/(6  +  «A)  — /(8)||;<2ll/(8  +  AA)— /[9  +  (fc— 1)A]||;. 

Setting,  now,   |h|  <  6  and  taking  the  upper  bound,  we  obtain  (3.3). 

3)  If  X  >  0,  then 

®;(M;/)<(M-iK(&;/)i  (3.4) 

Indeed,  let  0  <  m  ^  X<  m  +  1,  where  m  is  an  integer.  We  then  have 

(o;(X8;/)<<d;[(i!i+1)8;/]<(iii+1)cd;(8;/)< 
<(M-1K(&;/). 


*  If  (Jr(6;f  )<  M6a,  0  <  a  <  1,  we  will  write  /(6)£Lip(a,  r). 
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4)   If  da  (9)  =  de,  then 


lim  o)r(8;  /)  =  0.  (3.5) 

o->0 

3.2.  Lemma   3.  1.    Let/(0)£L°    and   /(9)gL1;then 

11/(0)  — «,(0)||;<6a>;(l;/),       (v=l,  2,  ...)•  (3.6) 

From  (3.1)  we  find  that"'* 

-  ] 

4(f,  e)=/(8  +  20  +  /(e  — 20  —  2/(6).      J 

Since  the  norm  of  the  sum  is  never  greater  than  the  sum  of  the  norms, 
we  obtain 


o 
Using  (3.3),  we  arrive  at 

Uit,  0) || ;< ||/(e +  20— /(e)||?.+  ||/(8)-/(8-20||r< 
<2a,=.(2|/|;/)<2(2v|<|+l)a.;(i;/)> 

if,  following  de  la  VallSe  Poussin,  we  write  X=  2v  |t|,  6  =  1/v.  This 
then  gives  us$ 


IK(6)— /(<W<  «£(-"-; /)x 


W^^+'^MM- 


X    71V  (2N2 

0 


*See,  for  instance,  N.  I.  Akhiezer  [2],  Section  80. 
1"See,  for  instance,  I.  P.  Natansonfl],  p.  116. 
*I.  P.  Natansonfl],  pp.  116-117. 
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Let  us  apply  the  above  considerations  to  the  function  f  (0)  =  7ro(0) 
[see  (2.7)];  since  for  this  case  we  have 


IK(0)HS=i.      K(6)lli  = 

i 


we   will    assume   that 

v><»> 

We  introduce  the  notation 


sup 


*o(°  +  ft)-*o(8) 


■€ii. 


=    sup 

2  i 


/;(») 


TC(^(8+7»))_. rc(^6) 


(!)2 


a ; "») 


R  (^9)  ||2 

da0  =  p(b)dB.    (3.8) 


Since  in  our  case   ir  (z)  ^Hl  ,  it  follows  that  uy(e)  is  a  polynomial  of 
degree  2i/— 2  in  e10;  denoting  by  2w'—  2  the  largest  positive  integer 
<n,  the  above  lemma  shows  that 


«b(«: 


?;(««) 


a 


< 


"6(B)  — 


c2v  —  9     „* 


2^-2 


(*ifl)L< 


<n*. 


(6)-«v(0)ir2<6u)ff2(i;ito) 


Since 
2v-2>n-l.  i<7^f<4,   ^(1;.0)<2^(I;.0) 

||ir0(6  +  A)  — iUo(fl)||J.<|jiBo(e  +  A)  — icoCe)!!;^ 

"HI         «o(0) 

we  arrive  at 

8„<6O.S(I;«o)<12«,j(I;1c0)< 

<12  sup    ||icb(8  +  A)||J+128i- 

Consider  the  expression 


(3.9) 


«o(0  +  A)||} 


/JL  /"    gMg) 
2*  J    />O(0  +  A) 
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where,  in  agreement  with  (2.7),  we  have  written 

Let  Eft  be  the  set  obtained  by  displacing  the  set  CE,  the  complement 
of  E,  a  distance  h,  where  |h|  <  h0;  then  if    6  £  E     we  have    6  -f- 
+  h G  Eh.      If    — r^r-  <[  M  on  Eh,  then  for    0  7  E    it  follows 

that        n    /fl_LM  <  M>      S°  that 

/?„  (0  +  hy  ^ 


|/i/*« 


«i>(»  +  *)l|J<VrA«-l/   -sr  /  <toi(0)<V«oM.  (3-9') 


If,  however,  l/Po(9)  is  uniformly  continuous  on  E^  with  modulus  of 
continuity  uf  (6;  l/Po)»  we  obtain 


/2tc 
,2?^/lsTO-^h(6)< 


so  that  for  this  case  we  arrive  at 


*»<  12  [W /"«.'(■£ ;  ^)  +  »i].  (3.9' 


Let  us  obtain  some  estim  ates  for  the   6  n. 


Theorem   3, 1.  Assume  that  for  h  of  sufficiently  small  modulus 
the  integral 


2% 


f  PV±*Ld6  (3.10) 
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exists.  Then 
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8^<    sup 


«<lA(^-),      /(&)=    sup 

V>(8)      "     lb 


/?(0  +  /i)-p(0) 


;  (3.ii) 


|SI<  — " 

We  have 
1         f1 1  7i  (ggg 

271/  J      I  IC(^) 


+  Cu)4(i;  lnp)'      .(3.12) 


2   flfe 
Z 


|s|  =  l 


~    271/        J  7Z(z)  Z  Zl      |     2U/        J  «  (*)  2      [  "T" 


Since   In 


tc  (^(8+5)) 


7C  (#* 


==  "2  ln      /q   I   5)  €  ^i>   il:  follows  from  (3.10) 


that     *  \  ,     £  //2»    and  therefore 

1  /*    71  (ggg)  rf£_ 

2tt/     J      7i  te)         2   ~~ 

\z\ 

7c(^(8  +  5))_  u(^9) 


1/       2u  J      /7(0 


(9) 


+  5) 


TC  (^'9) 

which  implies  (3.11). 

To  prove  (3.12)  we  note  that  according  to  (2.6) 


dd—  1 


7c  te*8\  ~~  r 


PW 


Y  =  arg  7u  (g*  (6+5))  —  arg  tt  (e*9) 


en— 1, 


We  thus  obtain 


tc  (^  (8+8)) 


71  (g*8) 


'[--(Agy-O'+n^ffiy 

x('-«»n)<(/"^fir-.)'+/"j&-T- 


X 


+  5)     '   '   (3.13) 


*  This  characterization  was  first  introduced  by  G.  Freud  [1]. 
t  Here  C  and  in  the  sequel  Cj,  C2,  .  .  .  are  independent  of  n. 
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and  it  therefore  follows  from  the  Bunyakovskii-Schwarz  inequality  that 

tt(g*(B+8))  — ^(gfl) 

■K 


< 


YpW  I 


According  to  (2.6),  the  function 

Y  =  arg  7r  (e*  (9+8>)  —  arg  it  (e*9) 


(3.13*) 


is  a  harmonic  function  conjugate  to 

1 


In 


Yp  {*+*) 


In 


V/>W 


Therefore  from  the  theorem  of  M.  Riesz  [1]  it  follows  that  for  any 
r  >  1  we  have 


T||r<C||lnp(0  +  8)-ln/?(e)||r; 


(3.14) 


setting  r  =  4  and  making  use  of  the  existence  of  the  integral  in  (3.10) 
we  arrive  at  (3.12). 

3.3.  We  now  turn  our  attention  to  some  cases  for  which  we  can 
establish  simple  sufficient  conditions  for  the  existence  of  the  integral 
in  (3.10)  and  can  evaluate  the  6'n  in   terms   of  the   integral 
moduli   of  continuity;  these  conditions  are  all  tabulated  in 
Table  I  at  the  back  of  the  book. 

Condition  I  is  the  most  restrictive;  the  estimate  corresponding  to 
it  is  obtained  from  (3.13) 


tc(^  (»+«)  —  « (^8) 


< 


I /><«  +  *> -/»<•)  I 


as  well  as  from  (3.14)  with  r  =  2  and  from  the  inequality 
l|lnp(6  +  8)  — lnp(0)|< 

<jrMv>(°  +  8)  —  VW)[       p(P)>m.  (3.15) 
Ym 
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When  condition  II  is  fulfilled,  the  existence  of  the  integral  (3.10)  is 
obvious;  then  from  (3.11)  and  (3.12)  we  obtain 

%n<C2i»2(— ;  V P)  +  C3ioJ—;  In/?). 

Under  condition  in,  the  existence  of  the  integral  (3.10)  follows  from 
Holder's  inequality;  in  the  same  way  as  above  we  obtain  our  estimate 
from(3.13t). 

To  derive  condition  IV,  note  that   1(6)  [see  (3.11)]  remains  un- 
changed if  p  (0)  is  replaced  by  l/p(6),  so  that  condition  IV  follows 
from  II.  Condition  V  is  obvious. 

3.4.  In  what  follows  we  shall  need  an  estimate  for  the  sums 

Kn(z,  *)=  2  |-f* (*) I2-       |*|=1.  (3-16) 

k'-0 

Theorem   3.3.   1)   If  o  (6)  satisfies  the  condition 
a(02)— -o(01)>«(62  -Oj),    0<6i<62<27u,    m  >  0,  (3.17) 

then 

Kn(ei\  e«)<i±i,       0<e<2tt.  (3.18) 

2)  If  o(0)  is  absolutely  continuous  on  [0,  27T],  and  ifp(0)  <  M 
almost  everywhere  in  [0,  2tt],  then 

Kn&K  *i0)>-^r->        0<e<2iu.  (3.19) 

According  to  (1.10), 


2% 


i       _   .    i   r  I  Gn 


do(Q).        (3.20) 


If  we  have  two  measures  do^(Q)  and  do^2'  (0)  such  that 
0(l)  (82)_  0(i)  (0,)<  a  (02)_ a  (0,)<  8«  (02)  —oft)  (0,),  J 
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then  obviously 

n 

2  I  <pg>  (*i9°)  I2  =  K<®  (e{\  e®°)  <  Kn  (el\  e*»)  < 

n 

</CU)(e**o,  e^)=  Sl^SK^)!2.  (3.22) 
fc=o'  ' 

where  the  polynomials  {<pfc  (z)}  and  {</?^  (z)}  are  orthonormal  with 
respect  to  the  measures  da'l\d)  and  do(2'(e)»  respectively. 

Now  (3.21)  follows  from  (3.17)  if  we  set  d  a^\d)  =  m  d(6);  then, 
as  is  easily  seen,  </>k  (z)  =  zty/m,  and  therefore  K^  (e10^,  el90)  = 
=(n+  l)/m. 

For  condition  2),  we  set  d  o^2\d)  =  Md0,  obtaining 
ea 
a(0,)  — a(61)=/p(0)de<A!(e2— ei)  =  [o»)(62)  — owcej], 

•l 

whence  we  arrive  at 

Remark  3. 1.    The  estimate  of  (3.18)  was  obtained  by  using 
(3.17).  A  method  due  to  Freud  [1]  can  be  used  to  show  that 

Kn(*iQ.  eie)<C(rt+l)         (/*  =  (),    1,   2,    ...)     (3.23) 

almost  everywhere  into,  2tt],  under  the  following  conditions:  a  (9)  is 
absolutely  continuous  on[0,  2ir],  for  sufficiently  small  h 

gj!±ftpZffi,6Il  (3.24) 

and,  finally, 

/(5)<c(lni)~\        a>l.  (3.25) 

In  particular,  if 

pmeLr.     j^eL'<     7  +  7^= '<      <3-26> 


38 


CHAPTER  HI 


it  is  easily  seen  that  Freud's  condition  (3.25)  is  fulfilled  if 

l\-a 


u>r(S;  p)<c(lfly)      ,        a> 
3.5.   Theorem    3.4.    If 

2k 


(3.27) 


f  lna'(0)d0  >  —  oo,  (3.28) 


then  the  series 


n  =  0 


«P«  (^'e) 


V Kn  (**9>  **) 


converges. 


<  oo,        0<G<2tt  (3.29) 


(i) 


To  prove  this,  consider  a  new  measure  do      (0),  which  differs 
from  do  (0)  by  the  addition  of  a  point  mass  equal  to  u  at  a  point  0O, 
and  let 

¥«(«)  =  «£>«"+...        (»  =  0.   1,  2,  ...) 

denote  polynomials  orthonormal  with  respect  to  do^  '(0).  We  will 
show  that 


gf-  yff  (z)  =  cpn  (g)  —  ^  (^o)  /Cw~1  (*'  Zo) 


/  VT     7      7  >      2o  =  *w°-  (3-3°) 

1  +  {x/Cn-i  {z0,  zq)    '  ° 


Indeed,  from  this  expression  we  obtain 


2tc 


-Try --^  r?(»i)(«i9)?*(^)do(i)(0)= 

=  27y''fn(«i°)^5)^<1)(<J)- 
0 

27T 
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which  leads  in  a  simple  way  to 
2% 


a"  0 

2k 

=  i  /  T«  («i9)  <P*  («")  <*°  (e)  +  Mi.  (*b)  Sw  — 

0 


+  t**n-l(*0«  <Zo)<Pfc  (*<))}• 


Thus  for  k  =  0,  1 n  -  1,  we  have 

2it 


i.y   <p(„1)(e*»)cPt(^)rf3<i)(e)  =  0. 


Setting  z  =  0  in  (3.30)  and  using  (1.9),  we  arrive  at 

M»WCiW  ?n(0)  «nT<J>(0) 


1  -J-  M-ATn-i  (*0>  *o)  an-l  a(n1)ctn-l 

From  (1.2*)  we  obtain 


*n-i<P„  (*o) 


an¥„-i  (*o) 


1  + 


*0?n  (°)  Tn-l  (*o) 


< 


I  <Pn  (0)  | 


since  according  to  (1.4)  and  (1.3),  |<pn(0)|<  ctnan-j  /cq.  Therefore 
f"o  1 1*n  (*o)  I2 


(l  +  «yPc0)[l+ft/C/l-1(Ju.-?o)] 
M-a/»-i  I  f  n  (<?o)  I2 


< 


< 


Mvtt(*o)yw-i(*o)l  ^ 

I  Tit  (0)1  «l?{f}(0)| 


«o4l) 
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and  setting  /!  >  1/aJ,  we  obtain  l~f-uKn  „  ^Zq,  z0)  <  2uKn(z0,z0) 
arid  thus  arrive  at 

|*;<*o)|2  2ot<l+«V*0      /|?n(0)|      ,    [<p<J>(0)|1 


flTnWI       \W(Q)\\ 


Kn  (*o>  2o)  ao  i       «*  >*o 

Since  the  integral  of  (3.28)  exists  by  assumption,  the  two  series 

OO  OO 

2  i<p„(0)|2,   S  |^»l,(0)[« 

w=0  w=0 

converge,  and  then  (3.29)  follows. 

From  the  theorem  just  proved  we  obtain  the  estimate 

\^n{e^)\  =  o{V  Knie^,  7*)},     O<0<2u.       (3.31) 

Theorems  (3.3)  and  (3.4)  lead  to  an  estimate  for  the  orthonormal 
polynomials. 

Theorem   3.5.    If  o(6)  satisfies  the  condition 
o  (02)  —  c  (6J  >  m  (62  —  0X),     0  <  0X  <  02  <2tt,     m  >  0,  (3.32) 
then 

\<?n(eiB)\=o(Vn),         0<6.<2iu.  (3.33) 

Indeed,  from  (3.29)  and  (3.18)  we  have 

I  ?» (*ie)  I  =  o\VKn{e*   e«)\  =  o  <YH). 

3.6.  We  now  present  some  more  accurate  estimates  of  ortho- 
normal  polynomials  on  the  entire  circumference  |z|    =1. 

Theorem   3.6.   If  the  integral  of  (3.28)  exists,  then  in  the 
closed  circle  |z|  <  lwe  have 


|<pi(*)|.<    max     \rc(re»)\.[Cl-\-CtVnlH\.    r=l—l-. 

o<e<2ic  zn 

(3.34) 
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If  1  /po(G)  is  continuous  on  the  set  E^  with  modulus  of  continuity 
w,(6;  l/po)»  then  for  |z|  <  1  we  have 

+  8'«]}.      r=l  —  -L,    (3.35) 
with  the  estimates  given  in  Table  I  for  the   6^.* 
Recalling  (1.9)  and  (2.1),  we  have 

oo 

|wc(r«*)  —  a„<p*n(re«)|  =  |    £    <fk (re«)  % (0) |  < 

/OO  OO 

J+il%(rai2-,2+1l<P*(0)P;(3.36) 

then  from  (1.7)  and  (2.1)  we  find  that 

oo  oo  I  n  (rei§)  12 

2     l?*(™<0)|2<2  I^C-«ie)l2=TTT72-.      r<l. 

=«.-!■  1  ft  =  0 


fc  =  w-M 


Using  (2.8),  Eq.  (3.36)  leads  to 

|  a7r  (rgi9)  __  ^  (rgi9)  |  <  I  *  (;g)lf jig ,  (3.37) 

y  1  —  r 
From  this,  setting  r  =  1—  1/2 n,  we  arrive  at 

i  <?'«  («<8j  i<  ■£■  i « («")  i  (i + vs  o  < 

<-^l^(^0)|(l  +  y^8n).(3.38) 
Let 

Mn  =  \<fl(ea')\  =  max\9l(em)\,     0<8<21r,      (3.39) 
so  that 

cpn(<?  °)  —  <pn(/-e  °)  =  J    — ^ — «tef     *o  =  e    > 
♦Here  C,  Clf  C2 are  constants  independent  of  n. 
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from  which  it  is  a  simple  matter  to  arrive  at 

\<?:(ei%)-'?'n(rei(l)\<(\~r)  max 

Is  I  <1 

It  is  well  known  that  if 


*Pn  (f) 


then 


M, 


*K  1 


dz 


<CnMn,     |z|<l, 


(3.40) 


(3.41) 


(3.42) 


so  that  if  we  set  r  =  1  -  l/2n,  we  arrive  at 

|  cp;  (eie»)  -  <p;  (,-*«■)  |  <  ( 1  -  r)  nMn  =  *s. .        (3.42-) 


This  in  turn  leads  to 


;(r^)|>^.      r=l 

Setting  0  -  Q  0,  in  the  (3.38),  we  arrive  at 


2/z 


(3.43) 


AfM 


<|9;(r^)|<^N(r^)|(l+VSa 


from  which  (3.34)  is  obtained. 

3.7.  Some  rather  simple  estimates  obtain  from  Theorem  3.6. 
Theorem    3.7.    If  o (6)  is  such  that 

a  (02)  —  a  (8J  >  m  (82  —  0J,      0  <  6i  <  G2  <  2tt,   w  >  0,  (3.44) 

then  in  the  closed  circle  |z|  <  1, 

y  77! 


< 


y; 


{c1  +  c3^(|A«.'(i;^)+8'„)}.(3.45) 


*  See  O.  Szasz,  [1];  this  inequality,  however,  follows  from  S.  N. 
Bernshtein's  well-known  inequality  for  the  derivative  of  a  trigono- 
metric polynomial. 

t  The  method  used  here  for  obtaining  (3.43)  is  due  to  D.  Jackson  [1], 
Chapter  III,  Section  3. 
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By  using  Table  I,  we  easily  obtain  conditions  IV -VII  of  Table  II.  We 
will  say  that  the  function  a  (0)  £  A    if  it  is  absolutely  continuous 
throughout  [0,  2ir]  and  if  almost  everywhere  on  this  interval  it  satisfies 
the  inequalities 

0<  m</?(0)<Af.  (3.46) 

Then  if    o  (0)  £  A,   condition  I  of  Table  I  gives 

l<P*(2)|<C1+C2/ft{av(-jr;  p)}1,\z\<l,r=  lor  2.(3.47) 

From  this  we  easily  obtain  the  condition  that  the   ortho  - 
normal   system   be   uniformly   bounded   in   the   closed 
circle  |z|  <  1. 

Theorem   3.8.    Let     a  (0)  £  A   and  p  (0)  £  Lip  f  ^  »  2) .  Then 
in  the  closed  circle  |z|    <  lwe  have 

|<P»(*)|<C,  (3.48) 

where  C  is  independent  of  both  z  and  n . 

To  prove  this  it  is  sufficient  to  study  condition  I  of  Table  I,  for 
which  in  the  present  case  we  have  w2($  ;  p)  ^Cx  V"a . 

jLe m  ark  3.2.  We  may  replace  the  requirement  that 

p  (0)  £  Lip  ( y  ,  2)  by  another  sufficient  condition,  namely  that  the 

Fourier  coefficients  of  p(e)  be  0(1/ n).  In  fact  it  has  been  shown  by 
Hardy  and  Littlewood  that  this  condition  implies  that 

P (0)<E  Lip  (i-,  2). 

Theorem  3.8  may  be  stated  in  yet  another  way. 

Theorem    3.8f.    If  o(0)  is  absolutely  continuous  in  [0,  2tr], 
and  if  p  (0 )  has  bounded  variation  in  [0,  2  7r]  and  satisfies 

O<m</?(0)  (3.49) 

almost  everywhere  in  [0,  27r],  then  (3.48)  holds. 

Indeed,  Hardy  and  Littlewood  [1]  have  shown  that  the  bounded 

variation  of  p(6)  is  equivalent  to  the  condition  that  p  (0)  £  Lip  (1 , 1); 
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they  have  shown  also  that  from  this  second  condition  it  follows  that 

p(6)£Lip(—  ,    r Y,  r  >  1  ,  and  therefore  that 
p(6)eLip(i,  2). 

3.8. Let  us  now  turn  our  attention  to  some  necessary  con- 
ditions for  uniform  boundedness. 

Theorem   3.9.    If  there  exists  a  subsequence  of  orthonormal 
polynomials   (cpnv(z)}     uniformly  bounded  on  the  entire  circumference 
|z|   =  1,  then 

2tc 

J  lno'(0)d6  >  — 00.  (3.50) 

0 

Indeed,  as  a  result  of  the  compactness  principle, 

|<Pn¥(*)|<a,      |*|=1       (v=l,2,  ...)  (3.51) 

implies  the  uniform  convergence 

Km  cp  *  (z)  =  cp  (z),     |*|0<1,  (3.52) 

fc>oo       k 

of  some  subsequence,  where  <p(z)  is  an  analytic  function  regular  for 
|z|  <  1.  This  then  implies  (3.50)  as  a  result  of  the  equivalence  of  0 
and  a)  of  proposition  15,  Chapter  I,  Thus  the  uniform  convergence  of 

the  subsequence  {?n,(z))  on  the  circumference  |z|  =  1  implies  that 
the  orthogonal  set  is  not  closed  in  L°! 

We  now  show  that  if  the  conditions  of  the  above  theorem  are 
satisfied,  one  can  obtain  a  more. exact  result  than  (3.50). 

Theorem   3.10.  If  there  exists  a  subsequence   { cpnv  (z) }    uni  - 
formly  bounded  on  the  entire  circumference  |z|    =  1,  i.e.,  if 

l<Pn„(*)l<«      (v=l,2,  ...),  (3.53) 

then  for  any  two  points   0lf  G2£  (0,  2tc]    at  which  a(Q)  is  continuous, 
we  have 

O(62)-a(01)>-?^-.  (3.54) 
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To  prove  this  we  use  (1.20),  which  we  restate  in  the  form 

2%  2k 

-ir  f  *«» (6)  em  d*}  =  ^f  eiM  da  (0) 

o  o  (3.55) 

<M°)  =    )  cpr  (eiV)  p  ' 
Now  the  nondecreasing  functions 

0 

fcHW^jM8)*8'    °<e<2*  (3-56) 

0 

are  uniformly  bounded,  so  that  according  to  Helly's  known  theorem 

there  exists  a  subsequence    [a„s  (0)     which  converges  to  some  nonde- 
creasing function  y(Q). 

lim  Pns(B)  =  \x(Q)  (3.57) 

S->oo 

at  all  of  its  points  of  continuity;   from  Helly's  second  theorem  we 
obtain 

2«  ,  2n 

lim  JL  /"  ««rf^a(6)=  lim  -L  /*  ,«o+     (8)rf8  = 

t!  >  CO    ZU      J  8  ->  OO    Z7C    J 

2tc  2ic 

=  ^/  eiMdp(Q)  =  ^f  e**dc(Q)    (6  =  0,  dt  I,  =±=  2,  ...), 

0  0 

from  which  it  follows  that  /i(9)  =o(G)  +  C,  since  the  trigonometric 
moment  problem  has  a  unique  solution.  Hence 


in.  -L  f     rf"      =^L+c 


If  6lt  6  2  are  points  of  continuity  of  o(0),  we  obtain 
o3 


lim   _L    f  ^  __  jCggbllgi) 
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But  (3.53)  implies 


u2  Ua 


2nd*     ' 

and  this  in  turn  implies  (3.54). 

Remark    3.3.    We  have  thus  shown  that  (3.44),  or  the  con- 
dition p(9)  >  m  >  0,  0<9<2tt  following  from  it,  as  has  been  con- 
jectured by  Steklov  [2],  is  a  condition  for  uniform  boundedness  of  the 
orthonormal  set  on  the  interval  [0,  277];  we  have  proven,  however, 
only  the  necessity  of  this  condition,  for  in  the  sufficient  con- 
ditions we  have  formulated  above  we  were  forced  to  subject  p(6)  to 
additional  requirements,  e.g.,  that  its  variation  be  bounded  on  [0,  27T]. 

Table  II  presents  a  summary  of  the  estimates  of  which  the  author 
is  aware.  Condition  II  was  treated  by  Freud  [1],  and  the  estimate  given 
is  valid  almost  everywhere  in  [0,  27r].  Condition  III  was  dealt  with  by 
Szego  [1],  Chapter  VII,  and  Shohat  [1],  and  condition  IX  by  Korous  [1]. 
Condition  IX  has  as  consequences  cases  VII  and  VIII,  which,  however, 
are  more  general  than  IX,  since  they  do  not  require  the  continuity  of 
p(G).  If,  however,  this  function  is  assumed  continuous,  IX  can  be  re- 
placed by  the  much  less  restrictive  condition  X,  as  has  been  shown  by 
bothBernshteinfl]  and  Szegofl].  From  it  one  obtains  the  asymptotic 
expression  1  i m  cp /z  (g*8)  =   tz  (eiB)   ,  valid  uniformly  on [0,2tt],  and 
therefore  also  the  uniform  bouuaeaness  of  the  orthonormal  set  on[0,27r]. 
Conditions  IV -VI  give  more  accurate  estimates  than  that  obtained 

with  condition  I,  a  consequence  of  Theorem  3.5.  If  XI  is  fulfilled,  then 

i 

-(z)£H2l',    which  implies*  that  I  n  (rei0)  |  <   C(l—  r)"*",  and 


oU*  +  2r') 


then  from  (3.34)  we  obtain  the  estimate  o\n2     2>  )    which  we  have 
listed. 

Conditions  XII  and  XIII  are  easily  obtained  from  III  and  IV  of 
Table  I.  Finally,  condition  XIV  is  obtained  by  methods  which  are 
entirely  different  from  those  that  led  to  any  of  the  previous  ones;  this 
will  be  discussed  in  Chapter  VIII. 


See  I.  I.  Privalov  [1],  Chapter  II,  Section  3. 


CHAPTER  IV 

LOCAL  ESTIMATES 

4.1.   To  obtain  l  o  c  a  1    es  tim  at  es  on  some  arc 
[eia,  e%         [a,  p]cz[0,  2tt] 
let  us  first  find  local  estimates  for  the  sums  Kn(eie,  e10). 

Theorem   4.1.    Consider  two  measures  do(0)  and  doo(0)  re- 
lated by  n         |li    {i         7-fl   .vj, 

rfo(9)  =  III«    — «   *    *^o(0),  v*>  —  1.     (4.1) 

Then  on  any  interval  with  a  finite  separation  from  each  of  the  points 
{0k}  i»  we  obtain 

Kn  (e*\  e")  <  CKf  (A  ea)  =  C±\  9g>  (*«)  |«,     (4. 2) 
where  the  polynomials  {<?k  (z)}  are  orthonormal  with  respect  to  the 


measure  do0(G);  here  p  =  n-\-  2  rk>  where  2r}<  is  the  smallest 

k  =  i 

even  number  no  less  than  u*    (k  =  1,  2 s). 

To  prove  this  we  first  introduce  the  new  measure 


Ar, 


rf«>(e)=IIki0-^r*^o(»).  (4.3) 


*  This  theorem  has  been  proved  by  Szego  [1],  Section  12.6,  for  the 
case  in  which  v  ^  >  0,  (k  =  1,  2,  .  .  .   ,  s)  and  for  absolutely  con- 
tinuous o(G).  Here  C  is  independent  of  n. 
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ni**-« "*r* 


e    — e 


k  =  : 


=  U|/_A|'rt>Co>0 


ni*i,-/*r*   *=i 

is  bounded  from  below  for  0  <  6  <  2tt  ,  we  have 

o(02)  —  o(61)>C0[al(el)  —  0,(60],       0<  0!  <  02<  2ic,  (4.4) 
and  therefore 

0  0 

where  Gn(z)  is  an  arbitrary  polynomial  of  degree  <  n.  We  introduce 
the  notation 

s  a 

Gp(z)  =  Gn(z)Tl(z—  zk)r*,  p  =  n+  2r&,  s*  =  e*V<4.5) 


p 

in  terms  of  which 

2tc 


fc=l 


fc=l 


_L  f  12a. 

2tz  J    \  Gn 


ie®) 


<*o> 


rfo(0)> 


8  2re 

K  —  1  A 


^o(9), 


so  that 


2* 


<?        2*  ,/     |  C7n  (*0)  ]        v  ' 


min 


> 


Using  (1.10),  we  arrive  at 


■  TTl  <M*i    •  I  *    /MM*'6*  2,    /Bvl 

At  — 1  "«     \  0  J 


>coii>„-*i9*r' 


*=0 


2KW 

v=0 


(4.6) 
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If  z0  =  ei0o  and  |e0-6k  |  >  €  ,  this  last  inequality  implies  (4.2).  From 
the  theorem  just  proved  we  obtain  the  following 

Theorem   4.  2.  If  on  some  interval   [a,  p]c:[0,  2tc] 

a  (02)  _  o  (0X)  >  m  (02  —  0X),     a  <  0,  <  62  <  p,     ik  >  0,  (4.7) 

then 

Kn(^9,  ^e)<C(fl+l),     a+e<e<p  — e,     e  >  0,  (4.8) 
where  C  is  independent  of  n. 

To  prove  this  let  us  assume  that  3  =  2tt— a,  (a  <  7r),  which  in- 
volves no  loss  of  generality  since  to  go  over  to  the  general  case  we 
need  only  perform  the  substitution  of  variables  z^ze1^. 

Consider  two  absolutely  continuous  functions  a^\d)  and   o(2)(6), 
constant  outside  of  [a,  3]  and  given  on  [a,  3]  by 

o<0  (0)  =  f  pfl>  (6)  dQ,  oW  (0)  =  j  pW  (0)  d0, 


sin 


+  « 


pCD  (6)  =  iff, 


p(2)(0)  = 


sin 


(4.9) 


Let    {<?j/(z)}  ,  and  {</>^(.z)}  denote  the  corresponding  sets  of  ortho 
normal  polynomials. 

First,  then,  we  have 
o(02)  —  a(01)>ad)(02)  —  od)  (0,), 
whence 

M«".«")<icg)  (•".•") 

On  the  other  hand, 


0<01<92<2tu,  (4.10) 
O<0<2tc,  (4.11) 


daM  (0)  =  m  |  e*9  —  g*«  1 2  |  ^i8  _  g-i«  |    2  rfo(2)  (0), 

Let  us  set  y  !  =  1/  2,  y  2  =  —  1/  2,  in  the  preceding  theorem,  so  that 
rj  =  1,  r2  =  0.  This  gives 


Ki,V.  O  <<*£,(«"  A        a+E<e<P-e.(4.12) 
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From  (4.11)  and  (4.12)  we  find  that  fora+e<9<#-€ 

Kn{A  •*)<  <*£,(«".  «")•  (4.13) 

The    {<pn   (z)}  polynomials  may  be  written  down  explicitly:  setting 

0 
cos-k- 

cosX=: —  ,  cc<G<2tc—  a,    0<X<ic,       (4.14) 


cosy 


we  have 


«(2)  ^  _  a    L7  Sin^  +  1>X  _  g  2  EL^  L*  "T-  °  (4. 14') 

y,»  ^   ;  — «o(g  sin  A  e      sin  A  J  * 

(»  =  0f    1,  ...). 

Now  if  eA<   X  <   7T—  e1,i.evifa+  €  <  9  <    3  —  e  ,  the  expressions 

are  uniformly  bounded  for  all  n,  as  can  be  seen  from  the  fact 


I  sin  X 
that 


sin  nl. 


sin  \ 


<^<   ' 


sin  \  ^  sin  ^ 

Hence 

/C(nli(^8,  «*8)<C1(/t+l),  a  +  e<6<p  —  e, 

where  C!  is  independent  of  n;  this  implies  (4.8). 

A  lower  estimate  for  the  sum  Kn(eie ,  eie )  leads  us  to  the  follow- 
ing 

Theorem   4.  3.   Assume  that  on  the  interval  [a,  0]  the  function 
o  (9)  is  absolutely  continuous,  and  that  p(9)  <  M.  We  then  have 

Knie**,  e*»)>C(/i+l),  a-f  e<e<p  —  e,         (4.15) 

where  C  is  independent  of  n . 

*  These  polynomials  were  first  discussed  by  Akhiezer  [4]  with  relation 
to  some  aerodynamic  problems.  Their  explicit  form  was  found  by  the 
present  author  [3],  Sections  4-6;  the  derivation  of  (4.14')  is  indicated  in  8.1. 
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To  prove  this  we  make  use  of  (1.10),  writing* 

a.l+>  2-.5v(e_eo),    v  =  p+l],      1 


Gn(e'«') 


2v  _     2v 
0 


\sinT? 

=  4^{2v  +  2  [(2v— l)coscp+.  .  .-f  cos(2v— l)cp]}. 
We  are  then  led  to 

1 


(4.16) 


2« 


Kni.el\  «-■■) 


<i  /    S,(8  — 80)do(6)  = 


2rc 


2* 


=  ^  /  S,  (6  -  80)  p  (9)  d8  +  1  /  S,  (8  -  80)  do,  (8),  (4.17) 

0  0 

where  Px(0)  is  the  sum  of  the  singular  component  and  the  step  func- 
tion in  0(6),  and  in  particular  °i(e)=  const  for  a  <  0  <  3. 

For   a  +  e<60<(3  —  e,    0  £  [a,   [3]  we  have  |e  -  e0|  >  €. 
which  leads  to  the  following  estimate  for  the  second  integral: 

o  o      I  sln  y  (9  —  9o)  J 


2ic 


< — ^—r /"*.(<»)<-§■•  (4. 


87rv2Sin2-2   J 


18) 


For  the  first  integral  we  have  the  estimate 

±f  Sv(8-80)p(9)fl!9  =  J7av(60)<^2),  (4.19) 

0 

where    ov  (0)      is  the  Fejer  sum  of  order  2^-1  for  the  function  p(6). 


*  See  N.  I.  Akhiezer  [3]. 


20) 
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Ifa+e<0o<3-e,  therefore 

=  '»(9o)  +  l^(8o)+-|(1+¥)-  <4- 

Recall  the  following  property  of  Fejer  sums:*  if  p(0o)  <  M  for 
a  <  60  <  3,  then  for  every  €  >  0  there  exists  an  integer  vQ  =  v 0(e) 
such  that  for  a  +  €  <  0O<  3  -  e,  y  >  y„  we  have  °v(00)  <  M  +  c. 
If  i>  >  v  0,  therefore,  we  obtain 

where  C  is  independent  of  n  since  the  6n  tend  uniformly  to  zero  with 

1/n. 

i  ft       ifi 
With  this  appraisal  for  Kn  (e     ,  e     ),  we  easily  obtain  a  local 

estimate  for  the  orthonormal  polynomials. 

Theorem   4.4.   If  the  integral  of  (3.28)  exists  and  if  on  the 
interval   [a,  3] 

a  (02)  —  a  (dx)  >  m(82  —  0^,     a  <  Oi  <  92  <  P»     m  >  0,  (4.21) 
then  at  every  point  in  the  interior  of  the  arc  [eia,  e^] 

\<fn(eu)\  =  o(Vn).  (4.22) 

Indeed,  using  Theorems  3.4  and  4.2  we  find  easily  that 

I  fn (en)  I  =  o  {VKn(e*«,  ««)}  =  o {VI). 

Remark  4.1.    If  on  some  interval  [a,  3]  condition  (4.7)  is 
fulfilled,  as  is  the  case  of  Theorem  4.2,  then  at  every  internal  point 
0O  of  [a,  3]  there  exists  a  subsequence  of  indices {nz/}  such  that 


*  See  A.  Zygmund  [1],  Section  3.22. 
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Indeed,  according  to  (4.8)  ifa+  e  <  0O  <  3  -  e,  then 


n 


TSrgln^Kc.  ;to|'-\+1     }<c. 

If  we  were  to  assume  that 

lim  |<pn(^e°)|  =  co, 

n->oo 
then  the  limit    lim   |  cpn  (e^°)  \  =  oo    would  exist,  and  therefore  we 

n  ->  oo 
would  obtain  the  same  limit  for  the  arithmetic  mean 


lim   U-U-T,  1 9*(e»«)  I8 


=  oo, 


which,  as  has  been  pointed  out  before,  contradicts  (4.8).    Hence 
lim  I  <p»  (eie,0  I  =  B  <  oo, 

M->oo 

which  means  that  at  every  point  a-€<0o<3+c  there  exists  an 
infinite  bounded  subsequence  I  cpn  (£1^)}- 

4.2.  We  now  turn  to  some  simple  theorems  giving  local  estimates 
for  the  orthonormal  set.  We  start  from  simple  sufficient  conditions  for 
uniform  boundedness. 

Theorem   4.5.    Let   —tk\  f-  L<  and  assume  that  on  the  inter- 

/7(8)^ 

val  [a,  3]  the  function  0(6)  is  absolutely  continuous,  while  p(6)  is 
bounded  from  below, i.e.,  0  <  m  <  p(6),  and  satisfies  one  of  the  fol- 
lowing two  conditions  on  [a,  3]; 

1)  it  is  continuous  and  satisfied  the  Dini-Lipschitz  condition 

«(*;  p)<C  (in i)~\         T>1;  <4-23> 

2)  its  total  variation  is  bounded.  Then  the  orthonormal  set  is 
uniformly  bounded  in  [a,  3];  that  is  to  say 


*  Here  B  and  C,  Clt  C2,  .  .  .  are  independent  of  n. 
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where  C1  is  independent  of  n. 

To  prove  this  we  introduce  the  weight  p^G),  defined  in  the  fol- 
lowing way:  on  [a,  0]  let  p1  =  p(6),  and  outside  this  interval  let 
p1(G)  vary  linearly  and  continuously;  then 

Pi(+0)  =  ft(2K  —  0),    pt(o)  =  p(a— 0),    ft(P)  =  p(P  +  0). 

Let  {yn(z)}  denote  the  set  of  orthonormal  polynomials  corresponding 
to  this  weight  Pi(G).  It  is  easily  seen  that  these  are  uniformly  bounded 
on  the  entire  interval  [0,  2ir],  i.e.  that 


lT»(*i9)l<5,     0<e<27i  (ft  =  0,    1,2,...)-    (4.24) 

Indeed,  from  the  fact  that  outside  of  [a,  3]  the  weight  function p1  (G) 
is  Lip  1,  it  follows  that  if  condition  2)  is  fulfilled,  it  is  of  bounded 
variation  not  only  on  [a,  6],  but  throughout  [0,  2ir],  and  our  assertion 
is  then  a  consequence  of  condition  VIII  of  Table  n.    If  condition  1) 
is  fulfilled,  Pi(G)  satisfies  the  Dini-Lipschitz  condition  not  only  on 
[a,  3],  but  throughout  [0,  2tt],  and  in  this  case  our  assertion  follows 
from  condition  X  of  Table  II. 

We  now  expand  <Pn(z)  in  the  polynomials  {y^(z)}  0,  obtaining 

n  2* 

?•  (*iB )  =  S  m*  (*i8u)>    c* = i  /  v-  (*ie) fr^5)  a  (6)  ^ 

k  =  0  0 

(6  =  0,    1,  .  .  .,  n). 
Using  (1.7),  we  find  that 

V.  («i8 )  =-=?  7»  («i9  )+i/  A (8)  * »-.  («''e°.  «W)  <P» («*) ^6, 

(4.24') 

Kn-1  (Zq>   Z)  = = ,       In  \Z)  =  *nZ    +  .  •  . 

l—Z0'2 
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Since 

0  2k 

=  ^  /  K'n-y  (A  «'G)  9,  («")  p  (0)  rfO  +  rf„  =  0, 


where 

2  it 


0 

we  arrive  finally  at 

X  V7(B)  <P»  («i9)  * i-i  («*.  ^  ^  -  ^  (4.25) 

Let  us  first  evaluate  | K^.jCe^o,  eie) |  .    If|e-60|>  €,  we  have 

\Kn-i\e  \  e  jKn — n< -<  — -, 

|  sin  — y- °  J         sin  — 

in  which  case  ifa+  €  <  0O  <  3  -  c,we  may  use  the  fact  that 
o1(0)  ■  const  for  0  £  [oc,   [3),  and  then  according  to  (2.23)  obtain 

l<*J<^lk(Oll?<*^lk(Oll?< 

To  evaluate  the  integral  entering  into  (4.25),  we  remark  that 
Pi(G)  -  p(6)  for  0  £  [a,  pi  .    This  means  that  |e  -  0O|  >  €  in  the  in- 
tegrand, and  then  setting  doo(0)  =  p(0)  de,  we  again  have 

9 

^  tiB2  ii      /  »e\||ff„  v 


X 


/2*     9  2*  2t: 

1      /*P7(0)  1     /•  1      /• 

ooo 
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from  which  we  obtain  the  inequality 

\<?n(ei%)\<JrB  +  C1+Ch<C2,     a+e<60<p_e. 
ao 
Having  proved  this  theorem,  let  us  use  it  to  obtain  local  esti- 
mates for  the  orthonormal  set. 

Theorem  4.6.    Let  — j^-  £  Lx   ,  and  assume  that  on  [a,  3] 
the  function  o(0)  is  absolutely  continuous;  assume  also  that 
P(Q)<M,     e£[a,  a +28],     6£[p  —  2e,  ?]- 
0<w</?(6),     6g  [a,  pj-. 
Then  for  a  +  2  e  <  60  <  3  -  2  6  we  are  led  to  the  inequalities* 

1 1»  (*i9°)  I  <  Ci  +  C2  8JJ*  Vn      (n  =  0,   1 ,  2,  . . .),     (4.26) 

where  the  6^'  defined  by  (3.8)  are  constructed  here  for  the  weight 
function  p1(6)t  and  Pi(0)  coincides  with  p(0)  on  [a*€,  3  -  c],  vary- 
ing linearly  and  continuously  outside  this  interval. 

Let  us  try  to  apply  the  preceding  theorem  to  the  {y  n  (z) }  poly- 
nomials.  We  see  that  for  6  £  £,  where  e  =  [0,  27r]  -  [a  +  €,  &  -  e], 
the  weight  Pi(0)  satisfies  both  conditions  1)  and  2),  so  that  the 
{yn(e     )}  are  uniformly  bounded  in  the  interior  of  e;  in  other  words 

ll„W|<B,     eg*',     e'  =  [0t  2*]  — [a,  0] 
(«  =  0,   l,  2,  ...). 

We  introduce  the  notation 

Hn  =  max  |  Tw  (/°)  |,     a+  2e  <  0O  <  p  —  2s,  (4.27) 

in  terms  of  which 

l/fUCA^K^.      a+2e<60<p-2e,     6(V, 
which  means  that  for  dn  we  obtain  the  estimate 

KKcVX 


*  Here  C,  C\  Clt  C2.«  .  .  are  independent  of  n. 
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2n  J 


e' 


<  C&n. 


For  the  integral  over  [a,  a  +  6],  the  conditions  of  the  theorem  pro- 
vide us  with  the  estimate 


a+e  OH 

_L  f    <     <      [ 

2"J      S«SiniJ 

«  2    a 


YpWpiW 


X 


a<6<a+e   K  /?(8)/71(0) 


X 


/2n 


2n 


P  (6)  I  <f>„  («ie)  I2  rf6  ^r  /  Pi  (9)  |  T»  («ie)  I2  <*9  X 

0 

X  ^^n  ==  £3^*1  • 

and  a  similar  estimate  for  the  integral  over  [3  —  e,  3], 

We  thus  arrive  at 

|<P»(«i9')l<C^,     a+2e<90<p  — 2e. 

Since  Pi(0)  is  bounded  from  below  throughout  [0,  27r],  it  follows  from 
property  d)  of  Chapter  II  and  from  (3.34)  that 


where  6 


(1) 


?n<Cb  +  C,Vn^\ 


is  associated  with  the  weight  function  pi(6). 

We  now  make  use  of  (3.8)  and  (3.9).    The  estimates  for  the  6n 
(Table  I)  involve  the  integral  moduli  of  continuity  of  Pi(0),  taken 
over   the   entire   interval  [0,  27T],   By  using  the  definition  of 
Pi(0)»  we  can  replace  these  by  analogous  moduli  of  continuity  for 
p(e)but  taken   over  the   interval  [a,  3]. 

Consider  the  integral 

2* 

/=i/lPi<8+*)-Pi<6)fd9.  *>->• 
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On  the  intervals  [0,  a  +  e-  |h|],  and    [3  -  c  +  |h|,2ir],  such  that 
|h|  <  e,  we  have 

|A(6  +  A)— A(»)|<C|*|. 

so  that  the  integrals  over  these  intervals  have  a  bound  given  by 


<Cl\h\r. 


a+e-| h\ 

2tc 

/ 

» 

/ 

0 

P-e+|fc| 

Further,  one  easily  obtains 


a+e+| fe| 

P-«+l*| 

/ 

> 

/ 

a-(-e-|  h  | 

p-t-|*l 

<C2|/*|, 


by  using  the  boundedness  of  the  integrand.    Hence 

3-Ul-s 


a-h|  h  |  +  e 

p-|fc|-e 

<C5|/*|  +  ^-     y      \MQ  +  h)-Pl(Q)\rdQ 


and  finally 


«  +  |  7i|+e 

M&;  p1)<C8'-  +  C1(o;(8;  p), 

where  we  have  written  t 

(  P-t  \j 

a>r(8;  />)  =      sup     <-j-    /"  |j5(0  +  A)  — p(e)lrd0}.    (4.28) 

In  deriving  this  result  we  have  used  the  fact  that  on  our  interval  [a  + 
+  e  +  |h|,  3  -  e  -  |h|  ]  the  two  weights  are  defined  so  that  px(e  +h)  = 
=  p  (0  +  h)  if  |h|  <  €,  as  well  as  the  fact  that  r  >  1.  In  this  way  we 
are  led  to  the  inequality 

«v(J-;  A)<c«-'-f-C»;(l;  P),  (4.29) 

which  in  turn  leads  to  entries  VIII  and  IX  of  Table  III. 
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4.3.  To  obtain  further  local  estimates  we  will  need  the  follow- 
ing theorem,  which  may  be  considered  a  local  analogy  of  a  well- 
known  theorem  of  Privalov. 

Theorem   4.7.    Let u (8) £  Ll  be  a  real  function  with  period 
27T ,  such  that  on  the  interval  [a,   P]c[0,   2tc]  it  is  continuous  with 
modulus  of  continuity  u  (6 ;  u),  and  such  that  the  integral 


/m(*lnT:") 

J  X 


dx 


exists.    Then  in  the  interior  of  [a,  #]  the  conjugate  function  v(0) 
satisfies  the  inequality* 

/o)( x\n  — ;  u) 
_J £ Ux.  (4. 


30) 


Assume  in  particular  that 

o)(8;  «)<  Chilly)   Y;      T>X,     0<X<1.       (4.30*) 
In  this  case  we  have 


1  \x  ^ 

dx 


UM 


I 

0 

Now  since  y  >  1  implies  that  In  y  <  y,  it  follows  that  In  (1/  x)  < 

<  2  Vi/x,  and  x  <  1  thus  that  Up  >  .1 1/  _L  .    Then  if 

x  <  1/  16,  we  have  Jt  In  — 


See  Ya.  L.  Geronimus  [4],  Section  6.    From  the  proof  of  the  theorem 
one  may  conclude  that  if  u  (0)  £  Lip  ?,  then  X  (6 )  <  C6^ ,  for  y  <  1, 
while  X  (6)  <  c<§  In  (1/6)  for  y  =  1.   In  this  special  case  the  theorem 
is  a  local  analog  of  Privalov's  theorem.    If  the  formulas  are  required 
for  x  >  1,  one  introduces  In  (b/x),  b  >  ff .    Here  C  and  in  what  follows 
Clt  C2,  A  are  constants. 
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%U) 

> 

1 

2 

In-L 

X 

+  ln 

1 

2  ' 

and  therefore 

tt^fw 


(S)<C2/^-i(lni)H^ 


1  \x"*  . 


/      1  \    T 
Since  (In  —  I       is  an  increasing  function,  we  arrive  finally,  referring 

to  (4.30),  at  the  inequality  for  the  conjugate  function  in  the  interior  of 
[a,  0] 

^)<77^.      **0;     X(S)<— Sl_,    X  =  0.  (4.31) 

K)  K) 

4.4.  Later  we  shall  make  use  of  the  following 

Lemma   4. 1.    Assume  that  the  integral  of  (3.28)  exists,  and 
letf0(6)  be  a  complex- valued  function  such  that 

2tc 


2%  J        n  (eiQ) 


dQ  =  0. 


(4.32) 


Write 


2tc 


a»=i//o(8)A»(«iV«(fi). 

0 

2tc 


(4.33) 


(/i  =  0,    1,   2,  ...) 

Then  a  sufficient  condition  for  the  existence  of  the  limits 


lim  an  =   liin   £n  =  0 

n  ->•  oo  n  ->  oo 


(4.33') 
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is  either  of  the  following:* 

2)   the  function  o(e)  satisfies  condition  VII  of  Table  II,  and 
ft  (•)€  ii- 

First  we  note  that  according  to  (2.7), 

2ic 

a„an  =  i//0(6)K^(?r)-aM6J}e<edo(8)  + 


2* 


"i~27Ct/         „ 


(8)  **«  dQ 


and  the  second  integral  vanishes  by  assumption. 


(4.34) 


Let  us  start  by  considering  case  1).    As  the  bn  are  Fourier- Cheby- 
shev  coefficients  of    /0  (0)  £  L\p    Bessel's  inequality 

oo 

2  I K  I2  <  °° 

fc  =  0 

tells  us  that     lim   bn  =  0.    Further,  applying  the  Bunyakovskii- 

n  ->  oo 
Schwarz  inequality  to  (4.34)  and  making  use  of  the  closure  condition 

for  ir0(e),  we  find  that    lim   an  =  0. 

W  ->■  CO 

We  turn  now  to  condition  2).    Since  L2  is  dense  in  Llf  given  an 
€  >  0,  no  matter  how  small,  one  can  always  find  a  function 
/i  (G)  6  ^2      sucn  that 

/l/.(»)  — A<»)l«tfO 

0 

Let  us  write 

/o(0)=/i(0)+/2(6).     an  =  «»)  +  ««).     6,  =  4g)  +  6S). 

We  recall  now  that  o*(0)  is  a  bounded  and  measurable  function,  and 
that  o(6)  is  absolutely  continuous,  so  that 


*  Each  of  these  conditions  alone  insures  the  existence  of  the  integrals 
in  (4.33). 
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i/|/i(0)|2a/(8)rfe  =  i/|/1(0)|^a(8)<oo, 

0  o 

Then  using  case  1)  we  have 

lim    o5»l)=   lim  ft(„1}  =  0. 

W  ->  oo  n  ->  oo 

To  evaluate  the   a^    and  bn  ,  we  use  the  fact  that  under  condition  2) 
the  orthonormal  set  is  uniformly  bounded,  i.e.  that!  |  <p   (et9)  |  }2°<^  C. 
We  then  obtain  the  inequalities 

2* 

l*PI<T5r/l/.<«>-/.<»)|4e<T£. 

0 

2tc 

l«PI<i(c+t^)/i/.w-Awi-B< 

and  thus  arrive  at* 

lim  a{n  =   lim   £(n2)  =  0,       lim  an  =   lim   £n  =  0. 

w ->  oo  n ->■  co  n ->  co  n ->  co 

Using  the  lemma  just  proved,  we  have  the  following 
Theorem   4.8.    Let 

2ie 

Jlno,(0)^0>  — oo.  (4.35) 

o 
Assume  that  on  some  interval   [a,   (3]<z[0,  2iz]  ,  the  function  o  (©)  is 
absolutely  continuous,  and  that  p(0)  is  continuous,  and  let** 

"(>;  pX  ,C1^T.         T>1.  (4.36) 

K) 


*  Later,  in  Section  7.8,  we  shall  examine  a  more  general  situation  in 

which  the  limit  (4.33*)  exists. 

**  Here  C  and  in  what  follows  Clt  C2,  .  .  .  are  constants. 
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and  p(0)  be  bounded  from  below  almost  everywhere: 

0<w<jf?(9).  (4.37) 

Then  at  every  internal  point  60  of  [a,  3],  we  have 

Sm  \u(^°)\<°°'  (4-38> 

n  ■>  oo 
To  prove  this,  let  us  set  u  (6)  =  In  — ^  in  Theorem  4.7.    Since  on 

[a,  3]  the  function  p(6)  is  bounded  both  from  above  and  from  below, 
the  modulus  of  continuity  of  In  p(6)  is  of  the  same  order  as  is  p(0), 

and  therefore  u>  i  8;  In— -^-  I  approaches  zero  more  rapidly  than  does 
l-X 

for  X  >  0.  Therefore,  according  to  a  well-  known  theorem, 

the  Fourier  series  of  In  — jkt  and  the  conjugate  series  both  converge 

uniformly  within  [a,  3],    This  implies  that  the  Maclaurin  series  of 
In  ir(z)  converges  uniformly  in  the  arc    ei9,  8  £  [a,   (3] ,  and  therefore 
within  this  arc  both  In  7r(z)  and  ir(z)  have  boundary  values,  and  the 
boundary  value  ?r(eie)  is  a  continuous  function. 

Equation  (4.31)  implies  that  arg  7r(e^),  the  function  conjugate  to 

_L  in ,  satisfies  the  inequality 

2       p(8) 

T  |  =  |  arg  it  (e*  <6+5))  —  arg  ic  (*«)  j  <      Cl  *h  1  .      (4.39) 

It  follows  from  (2.6)  and  (3.13)  that  in  the  interior  of  [a,  3],  that  is, 
for  a  +  e  ss  6  <  3  -  e,  €  >  0,  we  have 

J  ic  (g«  <»+»>)  —  *(*<«)  I2  <{  ■,.      *  —  — L=}2  + 


K) 


(■ 


^— _ <ca|p(e  +  8)~/i(»)|8+ 


V>(6)/>(8  +  5) 

+  C8 1  arg  it  (e*  (•+»))  —  arg  tu  (eif>)  |2, 
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and  from  this  we 

obtain 

1 

7C(^<8  +  8)) 

«(«*•)!< 

6,   9  +  8£[a,   pi,      (4.40) 


From  (1.9)  and  (1.7)  we  obtain 


,,(,,  ^.ASHa^H,/,  (441) 

Since 

2tc 

2^  /  /Cw  (ei9° ,  eie)  do  (6)  =  1 ,  (4.42) 

o 
we  have 

2% 

«X  (*i9»)-a*o  (0o) = ±f  "o(gVyo6o)  {«**;(«*)  iT(^  - 

_ ei%yn  (gi60)  ^(^ie)}  tfa  (0).      (4.43) 
Leta+2e<60<3  +  2e,  and  introduce  the  new  function 

/o(°)—         ett  —  ei%  ^,44; 

Then  in  the  notation  of  (4.33j~we  may  write  our  equation  in  the  form 

af  <r»  (*i6°) — « («ie")  =  «,?;  («<9|0 — «19  »»?.  («i9°)  •    <4-45> 

From  this  expression  and  the  equation  obtained  from  it  by  taking  the 
complex  conjugate,  we  arrive  at 

(t  -  a")  <  (eiK) + *»«*■?»  («*)  =  « («i9°)> 
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whence 


cp*  (ei»s)  =  1? 1 


(4.46) 


Ji  n  I  A     12 

an\    —  I  °n  I 


It  is  easily  shown  that  /0(6)  £  L2,  and  what  is  more,  that  on  the 
interval  a  +  2  c  <  60  <  3  -  2e  we  have 

(4.47) 


independent  of  0O. 


ll/o(6)||2°<A 


We  prove  this  as  follows.  The  function  p(9)is  continuous  on  [a,0], 
so  that,  assuming  that  p(6)  ^  M  for   6  £  [a,  p],  according  to  (4.40). 


p-t 


f  \foQ)\*doQ)<%  f 


u0  (8)  -  tc0  (0O) 


sin^^- 


tf6< 


< 


Afic»     /" 


Tip  (8)  —  Tip  (60) 

8-80 


d6< 


p-i 

^     4     J    1 0  —  o0 1 


In 


1-2T 


(4.48) 


This  implies  that 


a  +  e 


(Y-ll 


1  12~2T 


+['»ir^T]" ']<ct['»r^s-I    •   (4-49) 

independent  of  0O.    For    6  £  e,  where 

e  =  [0,   2tt]  — [a+e,   f-—  s], 


we  have 


sin 


>4|8-AI>^ 


(4.50) 
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and  this  leads  to  the  inequality 


\i)2< 


■kf  <te)2{K(8)-* o(e„)i° 

e 

<g)2(ll-o(0o)||2  +  ^oh(0o)|}2>  <4'51> 


1  

Y7TM  ^  Ym  ' 
This  proves  the  assertion  and  (4.47). 


which  is  also  independent  of  60,  since    |  tt  (0o)  |  =  ^f  ^ 


According  to  (4.44)  we  have 

2it 


1      f  g*B/o(6)rf6  =    1  J*     n(z)—K(z0)    dz 

2nJ        «(«*)  2w/|i5/=1    (*-*<>)*(*) 


|zl  =  : 
!  !  (4.51f) 


lz|=l 

since    — 7-r  £  //2  ,  and  therefore  ^ o(0)  satisfies  all  the  conditions  of 

case  1),  Lemma  4.1.    Hence  if  a  +  2e  <  0O  <  3  -  2e,  we  have 

lim  art  =   lim  &n  =  0.  (4  52) 

n->oo  n  ->  oo  v/ 

These  conditions  and  (1.27)  imply  that  at  each  point  of  the  interval 
[a  +  2  6,  3-  2€]  expression  (4.46)  has  the  limit 

lim  y*n(ei\)  =  lz(eih),  (4#53) 

n  ->  oo 
from  which  one  obtains  (4.38). 

4.5.  Since  both  the  an  and  bn  coefficients  of  (4,33)  are  functions 
of  0O,  namely, 

«n  =  an  (%)>      K  =  bn  (60) 
(as  follows  from  the  fact  that  fo(0)  in  (4.44)  depends  on  0O),  we  are 
not  assured  that  the  an  (Gq),  bn(0Q)  converge  uniformly  to  zero  or, 
hence,  that  the  orthonormal  set  is  uniformly  bounded  in  the  interior  of 
[eia,  e1^].    There  is  another  method,  however,  by  which  we  can  prove 
the  following 
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Theorem   4.9.    Under  the  conditions  of  Theorem  4.8,  we  have 
uniformly 

\fn(eiB»)\<C,     (a  =  0,  I.  ...),  *4-2e<9g<p— 2«.    (4.54) 
Writing  z  =  eie ,  z0  =  ei0o,  we  find  from  (4.33)  and  (4.44)  that 

2tc 

K  (fl0)  -  jr  /  s  (6i  I  g (9o)  £w  rf«  (6)  = 

0 

~2*      /     ^<*-*0)  W'2ic      J  *-^0 

I  s  1  =  1      WV  0/  |z|=l 

a+2£<60<p  —  2s. 
Setting  C  =  rz0,  we  have 

a-J^Wtt-O-l^,    r<Il 

which  leads  simply  to 

_L     f    ?**  (z)  dz    —  £s  (foj 

271/    «/    ie(*)(z-*o)       2*(*0)'  (4.55) 

1*1-1 


The  first  integral,  therefore  is 


>n  (g)  ^9 
'    *(*)(*  —  *o)  2*0M*o) 

I    S  I  =  1 


2*     Jn(z)(z  —  gn)  2znTz(zn) 


(4.56) 


To  calculate  the  second  integral,  we  use  the  identity 

*  +  z°  —  i     i      2^o     _        it       2* 
F=^0~  1_h'F=^"0~"  "^-Jo  (4.57) 

to  obtain 

J_       f  ^A^)  da  (0)  ^      1       f  Z?^(z~)  da  (V) 

2%     J         z  —  Zq  2nz0J         z  —  z0 

1*1  =  1 
Let 


?„(«*•)<*>  (8)  =  dp,  (6), 


*  Both  of  these  integrals  are  understood  in  the  sense  of  the  Cauchy 
principal  value. 
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so  that 

0  0 

and  this  implies  that  iin(d)  is  a  function  of  bounded  variation. 

Using  a  theorem  due  to  Privalov  on  the  boundary  values  of  an  in- 
tegral of  the  Cauchy-Stieltjes  type  *  we  have 


J_       f  <?n  (£)  da  (8)  =     1  f  zdy.n(t)  = 

2%     J         z  —  z0  2tzz0    J      z  —  z0 

|2l=l 

from  which,  again  using  (4.57),  we  obtain 

2tc  

I  s |=l  u      o 

(4.58) 

From  (1.19)  with  C  =  rz0,  r  <  1,  we  have 


5  /  tz\  ?«  (*)  rf°  (9)  =  <or--n  [F  (0  ?;  (0  - 1»  ©].    *  =  «w . 


whence  we  obtain 

2n 


,im  s  /  j~k  ** (z)  rfa  (0)  =  Vo_n  t F  (*o)  *»  (*o)  ~  ^  (*o)] * 

C>3j      o  (4.59) 

where 


According  to  (1.21), 


F(zQ)=    lim    F(reiB>).  (4.60) 

r>l-0 


W  F  (Z  )  —  P^o)  —  1 


See  I.  I.  Privalov,  [1],  Chapter  HI,  Section  2. 
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Using  (4.55),  (4.56),  (4.58),  and  (4.59),  it  is  easily  seen  that 


K(%) 


<?n  (Zp)         ;  (fi 
2*0*  5b)         2*, 


-  {  Vo""  [^  (Z0)  ^  (Z0)  —  <|£  (*o)]  - 
0     v 

-Ri^i ^~rw-^l'  (4-6l) 


This,  with  (1.21)  and  (1.18),  leads  to 


'ohW^ft) 


^o 


«^I«W?«W 


P(9o) 


;o|M*o) 


=  ~  I  «  (*o)  <P*  (*<>) 


Finally,  we  arrive  at  the  inequality 


<|M0O)|.   <4-62> 


¥n  (*o) 

— 

*n(*o) 

n(*o) 

<2|^(0o)l,  (/!=  1,    2,  ...).    (4.63) 


It  is  easily  shown  that  the  |bn(0o)|    are  uniformly  bounded  on  the  in- 
terval a  +  2c  <■  0O  <  3  -  2c.    Indeed,  we  have 

2« 


M8a)l<2S-i/'l/o(8)ll?»(«',)|<*»(8)< 


(4.64) 


<ll/o(e)||2-ll?n(«,'9)l|2<^. 

where  A  is  independent  of  both  n  and  0O>  and  a  +  2c  <  0O  <  3  -  2e. 
From  (4.63)  we  obtain 


a  -\-  ya*  + 1  K  a  +  y> + 1  =  c 

V^W        ^  Ym 


(4.65) 


'here  C  is  also  independent  of  both  n  and  Q0  £  [a  +2  e,  3  -  2  c] 
4.6.   Let  us  turn  to  yet  one  other  general  method  for  obtaining 


local  estimates. 
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Theorem   4.10.    If  the  integral  (4.35)  exists,  then  in  the  interior 


of  the  arc  [eia,  e1    ]  we  have 


?i 


(eiB)  \<(C1  +  C2Vn  8  J  max  I  tt  (r^) 


a+-r]<6<p 


*)>0,      r<l 


(4.66) 


2,4 /z' 


where  Clf  G2,  and  A  are  independent  of  both  n  and  6. 

To  prove  this  consider  the  points  Mj Ms  (see  Fig.  1)  whose 

coordinates  are  given  by  the  complex  numbers 

Zl  =  plei^+^,         £2  =  p2e*(«+8),    | 

^6==p2^(P-5),  2r6==piei(P-8)>     j 

such  that 

0<8<81J     Pl<p2<l. 


(4.67) 


We  connect  the  pairs  of  points  (M2,  M3), 
(M4,  M5),  and  (Mg,  MJ  by  curves  of 
bounded  curvature  so  as  to  obtain  a 
closed  convex  smooth  curve    T  which 
does  not  leave  the  region  defined  by 
P<|z|<l,  a  +  6  <  0  <  3  -  6  ;  the  arc 
M3M4  of  the  circumference  and  the  in- 
tervals Mjlv^  and  MsMe  of  the  radii  form 
parts  of  T. 


We  now  introduce  the  notation 

*•<*)!  = 

(4.68) 


n 


=  K(*o)l'      ^oGT. 
Then  throughout  the  closed  region  B 
bounded  by  T  we  have|<?*(z)|  <  jijj. 

Now  at  every  point  z*  of  T  let  us 
construct  a  tangent  circle  y(z')  lying 
in  B  and  with  radius  r';  then  at  every 
point  of  y(z*)  we  have  |<?*  (z)|  <  p^. 


OM{  =  OMq  = 
OM2  =  OMr0  = 
OMz  =  OMi  = 

ON  =  OP=\ 


2An 


According  to  a  theorem  due  to  Szasz  p.],       OK  =  OL  =  p0. 
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we  then  have 


*?»(*) 


dz 


(4.69) 


which  is  thus  also  valid  at  z\    Now  we  have  constructed  T  in  a  way 
that  makes  it  possible  to  name  its  minimum  radius  of  curvature  r,  =  r0, 
so  that  we  may  set  r'  =  r0  for  all  z\    Hence  on  every  point  of  I\  and 
therefore  also  throughout  the  closed  region  B  we  obtain* 

flf«*  (z) 

<Anp'n,     z£B,  (4.70) 


dz 


where  A  =  l/r0  is  independent  of  both  n  and  z. 

Let  us  choose  n  so  large  that    1 j-  ^.  p0  ,  in  which  case  we 

1 


find  from  (3.38)  that  if   r<  1 


2An 


,  then 


^(re^l^  ^\r,(re^)\  .  (\  +y2Anon) . 


First,  assume  that     |  z0  |<  1  —  ^T" 
equality  we  have 


(4.71) 
Then  using  the  last  in- 


and  therefore  on  [a  +  6 ,  3-  6X]  we  obtain  the  inequality 


a  +  o<0<3  —  8,       r<l 


(4.72) 


2An' 


Second,  assume    that     1 — ^<|z0|<l.    Repeating  the 
considerations  of  Theorem  3.6  and  using  (4.70),  we  arrive  simply  at 

K(*u)-?:(z')|<|v-*'M"K,- 


Zt\  —  Tr£ 


r'  <  r0, 


from  which,  setting  r0  -  r'  =  1/  2An,  we  obtain 


The  method  here  used  to  obtain  (4.70)  is  that  of  D.  Jackson  [2], 
See  also  G.  Szego  [4],  and  W.  Sewell  [1],  Section  2.1. 
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Now  since 

we  may  apply  (4.71)  at  z\  which  leads  to 

<  I  £  CO  |<  ~(1  +  VlAn  K)  I  *  (rV*)  U 


2    ^it«v-/.^  ao 
Therefore  in  this  case  also  we  have 

I  £  (^e)  l<  K  <  J  ( !  +  V^M  hn)  max  |  k  (re*) 

modulus  of  tt(z)  in 
B<6<3  —  o,       r< 


where  we  maximize  the  modulus  of  tt(z)  in  the  closed  region 

1 
2An ' 


The  theorem  we  have  proved  implies  the  following:  if  an  ortho- 
normal  set  is  such  that  6  n  =  0  (1/  n),  the  increase  of  the  {<?*  (z)}  on 
an  arc  [eia,  el    ]  depends  solely  on  the  values  of  p(6)  on  the  interval 
[a,  3],  since  the  function  ln|ir  (z)|    is  defined  in  terms  of  the  Poisson 
integral  (2.16'). 

Theorem   4.11.    If  (4.35)  exists  and  if  on  the  interval  [a,  3] 
we  have 

o(62)  —  a(61)>m(62  —  GJ,       a<81<82<pj     m  >  0,      (4.73) 

then  in  the  interior  of  the  arc  [eia,  e1   ]  we  have 

l<(eie)l<Ci  +  C2y^3n,       a+7]<6<p-7], 

7]  >  0,        n~^>n0.  (4.74) 

To  prove  this  we  note  that  (4.73)  implies  that   /?(6)^>  w  >  0, 
8  £  [a,  3]  *     Using  known  properties  of  Poisson's  integral,*  we  find 


See,  for  instance,  A.  Zygmund  [1],  Section  3.42;  see  also  the  note 
to  4.1  at  the  end  of  the  book. 
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that  for  every  6  >  0  there  exist  a  p  <  1  such  that  if  p  <  r  <  1,  a  +  6  < 
<  G  <  3  -  6,  then  In  |  it  (z)|  <  a,  where  a  is  a  constant  depend- 
ing on  6 .    This  leads  us  to  the  inequality 

I  *  (/•*")  I O0.     a  +  8<0<p—  5,     p<r<l.       (4.75) 


Remark   4.2.    Let  us  turn  to  a  certain  necessary   condi- 
tion  for   local   bounded n ess   of   an   ortho normal   set, 
namely,  the  following:  if  condition  (3.53)  of  Theorem  3.10  holds 
only  on  the  arc  [eia,  e1    ],  then  the  conclusion  in  (3.54)  follows  only 
on  the  interval  [a,  3],    The  proof  of  this  assertion  is  the  same  as  that 
used  in  (3.10). 

Let  us  consider  the  behavior  of  the  orthonormal  set  not  on  an  in- 
terval, but  at  a  point;  we  have 

Theorem   4.12.    Let  E'  cz  [0,  2tt]   be  a  set  of  points  such  that 

h 
f\dt{c(%+t)  —  o(%  —  t)—2tG'(e0)}\=:O(h), 

0  (4.76) 

60££",     MesE'  =  2iu. 

If  at  some  point    0o  £  E'  we  have 

7rJrT  Kn  (eie«,  A)  <  C,       (»  =  0,  1.  2,  . . .) 

(in  particular,  if  the  orthonormal  set  is  bounded  at  this  point),  then 
o'(e0)  >  1/C,  and  therefore   c'(d0)  =  0,      0O£E'      implies 

Urn   |cp*  (eie«)l  =  oo.  (4.77) 

W->oo 

To  prove  this  we  use  known  results  of  Fejer's  method  of  summing 
Fourier- Stieltjes  series:*  from  (4.16),  (4.17),  and  the  conditions  stated 
in  the  theorem,  we  obtain  the  inequality 


*  See,  for  instance,  A.  Zygmund  [1],  Section  3.8. 
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1  /z  +  1         ^2v  +  l       1      /M     sinv(6-e0)    )2 

'oJ       »«  i 


.<**.«*)  i   i"-(e-e0) 


V    !  sin  -i-  re  —  On)    ! 


pr<  Urn    — -^ —    •  Inn  —   /   j f 


2v—  1  <az, 

(sin,(e-eo)]2ja(0)  =  a/(eo)^ 


(0— e0) 


(4.78) 


In  Table  III  we  present  a  list  of  those  local  estimates  for  orthonor- 
mal  polynomials  with  which  we  are  familiar. 

Condition  II  is  due  to  Steklov  [1];  condition  I  has  been  studied  by 
Erdos  and  Turan  [1].    Condition  III  is  the  most  general,  for  it  places 
no  restrictions  on  o  (0)  outside  of  [a,  3];  it  is  a  consequence  of 
Theorem  4.2. 

Condition  IV,  sufficient  for  the  validity  of  the  uniform  estimate 
o  (V  ti)  is  a  consequence  of  Theorem  4. 10,  and  the  existence  of  the  in- 
tegral (4.35)  is  necessary  and  sufficient  for  the  existence  of  the  limit 

Hm  ln  =  0.     In  conditions  VIII  and  IX  greater  restrictions  are 

n>co 

placed  on  °  (0)  outside  of  [a,  3]  than  in  IV,  but  under  these  conditions 
the  estimates  are  expressed  in  terms  of  the  integral  moduli  of  continu- 
ity of  p(6)  only  over  the  interval  [a,  3],  whereas  6R  depends  on  the 
behavior  of  o  (q)  throughout  [0,  2ir], 

The  only  local  estimate  known  to  us  in  which  no  restrictions  are 
placed  on  p(0)  outside  of  [a,  3]  are  those  given  by  Shohat  ([4],  Table 
C).    In  the  derivation  of  these  conditions,  however,  there  is  a  mistake 
(p.  548),  in  view  of  which  the  entire  derivation  is  seen  to  be  incorrect. 


CHAPTER  V 

ASYMPTOTIC  FORMULAS 
AND  LIMIT  RELATIONS 

5.1 .  As  was  shown  at  the  end  of  Chapter  I,  the  limit  relation 

oo 
Hm    V*n(Z)  =  T1£l   <P*W  ?*(*)  =  *(*)'          \Z\<  *■       (5  1) 

is  equivalent  to  the  existence  of  the  integral  of  (1;26).  Consequently  the 
problem  of  the  existence  of  the  limit 

lim   fn(e^)  =  7z(e%  (5.2) 

W->oo 

i.e.,  the  question  of  whether  the  asymptotic  formula 

cpn  (««)  ~  ein*K  (eif>)  (5.2') 

is  valid,  brings  us  to  Tauber's  problem:  given   the   existence   of 
the   radial  boundary   value   ^(e1^),    deduce   the   con- 
vergence   properties   of  the    sequence  {^J(e^)}. 

Theorem    5.1.    If  the  integral  of  (4.35)  exists,  if  §    — o(— — ) 
and  if  r 

a(62)  —  a(01)>/n(62  —  0,),       O<01<02<2tu,   m  >  0,    (5.3) 

then  throughout  the  interval  [0,  27T]  we  have* 

I  fn  (eifl)  —  *  (eie)  |<  |  tu  (««)  _  „  (r^6)  |  +  C  f  i5» , 

and  hence  on  a  set  E0aE  of  points  of  [0,  2tt]  on  which  the  radial 


*  Here  C  and  in  the  sequence  Clt  C2  .  .  .  are  constants  independent  of 

n  and  6. 
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boundary  values 

7z(ei())=    lim    Tz(re^) 

r->l-0 

exist,  the  limit  relation  (5.2)  and  the  asymptotic  formula  (5.2*)  are 
valid. 

If  particular,  in  view  of  condition  I  of  Table  I,  the  theorem  is 
valid  if   a(0)^A    and   w2  (S;  p)  =  o  (VT). 

To  prove  the  theorem  we  evaluate 

|TC  (*«)  _  cp*  {eiH}  |  <  |  TC  (gift)  _  TC  (r^i0)  |  _|_  |  w  (rgtt)  _  cp*  (^iO)l  + 

+i<(^— ?;(e*)i,    oe^-  (5,5) 

Since  according  to  Theorem  3.7  we  have  |<P*  (z)|  <  C,  |z|<  1,  (n  = 
=  0,  1,  2,  .  .  .  ),  it  follows,  setting  Mn  =  C  in  (3.42),  that 

|  cp;  (*«)  —  cp;  (r««)  |  <  C«  (1  —  r),       0  <  0  <  2tt.  (5.6) 

Further,  (3.37)  states  that 

i  *»?;  (^°)  -  a*  (^  i  <  y=  i *  (^  i '     (5*7) 

which,  with  (2.8),  leads  to 


n 


+  (f  -  l )  | « (««)  |  <  | « (««)  |  (     °8"      H — r"^- j  < 

v'«  /  i  an  V  1  —  r        an  (a  +  an)  ) 

<^|ft(r^|.j_l      +  ^-l  (5.7-) 

We  thus  have 

l^ra-KCr^K^aU..     r<l.         <5-8> 
From  (5.5),  (5.6),  and  (5.8)  we  obtain 

!*(«")— ?;,  («'")  i<  i « («•'") — *  (*"«M)  i + c«  ( i — /■>  +  « „ 

r*  *  (5»y) 

'      ClK    |ir(r««)|. 


/T 
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If  6  £  Eb,  then 
7t  (e«)  —  7i  (re1*)  =  s (r,  0),       |  it  (re1*)  |<  |  e (r,  0) | ~f  | n  (e®)  \, 

where 

lim    e(r,  0)  =  0. 

Further,  by  (2.17)  we  have 

|«(re«)|<J= 

y  /« 

for  r  <  1.    Let  us  choose  £  according  to 

n(\—r)  =     J^—  ,  (5.10) 

V  1  —  r 

which  means  that  1  — r  —  f  —  j3,  and  as  a  result 

«(l-/-)  =  -7^=  =  f"f=0(l)>  (5.11) 


because    o 


Finally,  we  arrive  at 

|  *(««)-<  (««)  I  <e(/-,  G)  +  C2f^3|,        OgE0,        (5-12) 

where  €(r,  6)  tends  to  zero  with    1  -  r    ,  i.e.,  with  1/ n. 

Re  mark    5.1.    One  cannot  claim  uniform  convergence,  since 
e(z,  6)  depends  on  6;  if,  however,  7T  (e^)  were  continuous   on 
some    interval   [a,  3],  we  could  obtain  an  expression  for  e(r,  6) 
independent  of  0.* 

5.2. Theorem    5.2.     If  a  (G)  £  A  and  if 

a       ^ 

J  *    2o>2 \x\  p)  dx  <  co,  (5.13) 
o 


*  See,  for  instance,  Zygmund  [1],  Section  3.4. 
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then  in  the  closed  region  |z|  <  1  we  have,  uniformly,* 

n     _i 
|  fn  (z)  —  it  (z)  |<  sn,       sn<CJx    S  (*;  p)  dx.      (5-14) 

o 
Equation  (5.13)  implies  the  existence  of  the  integral 
?       i 
J    V   ^(y  I  P)dy>  (5.15) 

1 
a 

and  therefore  also  the  convergence  of  the  series 

oo  , 

Iv^Mi-p)-  (5-16> 


77  =  1 

From  the  property** 


oo  oo 

Sitt»i<cI]    "p+fe+t|2+"'        (5-17) 

w=l  n=l  ^ 

of  numerical  series,  (2.8),  and  condition  I  of  Table  I,  we  have 


oo  /      oo 


V,?n(0)|<Cy  -^=|/        X|cp.(0)|2< 


n=l  n  =  l    '  '  fc  =  n 

oo 


<  C  ^  -=  u>2  (-  ;  p\  <  oo.      (5.18) 


n  =  l 


V»    *\n 


A  necessary  sequence  of  (5.13)  is  u>2(&'>  P)  ~  °  (V  &)  .  an<3  therefore 
from  Theorem  3.8  we  have  |<P*(z)|  <  C,  |z|  <  1,  (n  =0,  1,  .  .  .  ). 


*  See  a  previous  communication  [5]  by  the  present  author,  where  this 
theorem  is  proved  in  a  different  way;  in  Chapter  VIII  we  prove  the 
more  general  Theorem  8.6. 

**  This  property  was  obtained  by  Copson  (see,  for  instance,  Hardy, 
Littlewood,  and  Polya  [1],  p.  255  of  the  English- language  edition, 
Theorem  345.    Here  C  is  an  absolute  constant.  The  deviation  of  (5.17) 
and  (5.20)  is  given  in  the  note  to  5.2  at  the  end  of  the  book. 


ASYMPTOTIC  FORMULAS  AND  LIMIT  RELATIONS  79 

(3.36)  implies.that  m 

|a*(s)  —  an9*n(z)\<CC    2    |<Pft(0)|,       |*|<1.    (5.19) 

A: ~  n  + 1 
For  2r~1  <■  n  +  1  <  2*  in  (5.18)  we  have 

oo  oo  f~  oo 

2  !h(»)l<Ci    2   J=l/  2l<p*(0)|2< 

k  =  n+l  v  =  2r~2  fe  =  v 

1 


=  C2J    x    2«>2(x;  p)dx.  (5.20) 

o 

Using  (2.17),  (2.20),  and  (5.20),  we  obtain  from  (5.19) 

1 

n     _3  (5.21) 

<§■,/   ^Sf^rt^  +  ^Q^jiip)]2, 

0  ' 

and  since     o)2(—  ;/n  — o(  — ^=1  ,  this  in  turn  implies  (5.14). 

Note  that  7r(z)  is  given  by  a  series  converging  absolutely  and  uni- 
formly in  the  closed  region  |z|  <"  1,  and  is  therefore  continuous  in  this 
region.   We  have  shown  in  a  roundabout  way  that  p(0),  which  satisfies 
(5.13),  is  equivalent  to  a  function  continuous  on  [0,  2ir],    Now  if  we  as- 
sume that  w2(6;p)<  C6a,  ol  >  V2,  this  assertion  would  have  followed 
Theorem  5  of  Hardy  and  Littlewood  [1];  but  (5.13)  is  satisfied,  for  in- 
stance, if    to2(o;  p)   ^  CY^>  (lnT")     »  T  >  *  '  and  in  this  case  the 
result  we  have  obtained  is  a  new  one,  not  a  consequence  of  the  above 
theorem. 

Table  IV  lists  the  sufficient  conditions  known  to  the  author  for  the 
validity  of  the  asymptotic  formula  on  the  entire  circumference,  with 
estimates  of  the  errors  involved.    Condition  I  has  been  studied  by  Bern- 
shtein  [1]  and  Szego  [1],  Sections  12.1,  12.4;  condition  IV  is  analyzed 
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by  Kuz'mina  [1],  and  is  contained  in  our  more  general  condition  II. 
To  see  this,  note  that  (2.8)  implies  that 

K  <  II *  Oie)  —  Gn  (*")  II £<  M || r  (e«)  —  0„  (e«) || 2> 

and  note  that  if  we  take  Gn(z)  to  be  a  partial  sum  of  the  Maclaurin 
series  for  7r(z)  and  use  the  fact  that  this  is  an  absolutely  continuous 

function,  we  have    on  —  °  [Tr^)  •    This  implies  the  validity  of 

Theorem  5.1  with  the  corresponding  uniform  estimate  of  the  error, 
since  in  Kuz'mina's  case  the  boundary  function  rr(e^)  is  continuous 
on  the  entire  circumference. 

5 . 3.  Let  us  now  investigate  the  limit  relation   under 
local   conditions. 

Theorem    5.3.    Let  the  conditions  of  Theorem  4.8  be  fulfilled. 
Then  at  every  point  60  in  the  interior  of  [a,  3] 

lim  <?*n(eiB°)  =  K(eiBo),      a  +  e<0o<(3  —  e,      s  >  0.     <5-22) 

n  ->oo 

To  see  the  truth  of  this  assertion  it  is  sufficient  to  recall   (4.53). 

Remark    5.2.    The  limit  relation  under  the  local  conditions  was 
first  obtained  by  Szego*.*    He  considers,  namely  a  weight  p(0)  of  the 
form 


P(9)  =  p0^)li\ei6-e^l\        ak>0, 


k  =  l 


(5.23) 


where  0  <  m  <  p0  (0)  <  M  on  [0,  2ir]f  and  p0(6)  is  assumed  differen- 
tiable  at  a  point  60j&  6fc  (k  =  1,  2,  .  .  .  ,  s)  and  such  that  the  fraction 

(8-0o)2 

is  bounded  in  a  neighborhood  e'  of  60. 

5.4.  Since  7r(eie)  in  Theorem  5.3  is  continuous  if  6  £  [a,  p],  con- 
vergence on  [a,  3]  is  quasi  -  uniform.**  We  shall  show  that  under 
more  restrictive  conditions  imposed  on  p(0)  on  the  interval  [a,  3], 


*  See  G.  Szego  [1],  Sections  10.4,  12.6. 

**  See  the  definition  in  the  note  to  5.4  at  the  back  of  the  book. 


ASYMPTOTIC  FORMULAS  AND  LIMIT  RELATIONS  81 

one  can  prove  that  the  convergence  in  (5.22)  is  uniform    in  the  in- 
terior of  [a,  3],    To  do  this  we  shall  need  the  following 

Theorem    5.4.    Let  the  conditions  of  Theorem  4.8  be  fulfilled 
and  let  p(6)  have  a  continuous  second  derivative  p"(G)  on  [a,  3]; 
further  let  this  second  derivative  satisfy  the  Dini-Lipschitz  condition 

<»(S;p")<c(ln  })-\         >->!•  (5"24) 

Then  tt(z)  has  a  bounded  second  derivative  in  the  interior  of  the  arc 
[eia  eiS-,«B 

Using  this  theorem,  it  is  a  simple  matter  to  obtain  the  following 

Lemma    5.1.    Under  the  conditions  of  the  preceding  theorem 
the  functions  {bn  (60)}  of  (4.52)  are  equicontinuous  in  the  interior  of 
[a,  A]. 

We  have 
*»(»i)  —  M8i)  = 


2% 

1 

2 


L/{^wz;(*i)_^(;r;W}^5)rfa(B), 

o 

2  =  *<o,       21==^i,       22  =  ^0»,      a+2e<01  <  02<p  — 2s, 

£>0, 

whence 

l*.(fli)  —  »«(8|)l< 

<  l/7  f  I  «*">-"<*>  _  -»(«)-«(«»>  2 rf0 (0).{5.25) 
J       2tc  J    I         z  —  zx  z  —  z2 

0 

Let  us  divide  the  integral  into  two  parts,  one  over  the  interval  [a  +  €, 

3  -  e],  and  one  over  its  compliment  e. 


*  See  Ya.  L.  Geronimus  [6],  Theorem  4. 
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We  note  that* 

7l0  (0)  —  ic(*t)  _  Tip  (6)  —  7C  (£g) 

'1  z  —  z2 


Z—Z-, 


=  i*  (*i  —  z*) 


ttq  (6) -7r(C)-(^-C)^(0    (5.26) 


where  \\i\    <  7r/ 2,  C  =  ei<p ,  a  +  2c  <  ex  <V  <  e2  <  3  -  26;  For  the 
integral  over  e,  therefore,  we  have  *  * 


/'H-^lV-h 


(0)prf3(0)  + 


+  {|*G)I4-2|*'<C) 


/=/ 


^       da  (9) 


<C,|B1  — 68|. 


On  the  other  hand,  for  oc  +  £<6sB-  €  we  have  ir  0(6)  =  it  (z), 
*(«)  =  *  (£)  ■+-  (2  —  C)  it7  (C)  +  ji.  (a  —  C)2  «*  ft),     il  =  »«i. 

im<(i)2. 

where  y  lies  between  0  and  <P. 


Hence 
%(z)  —  tz(z1)        n(z)  —  tz(z9) 


z  —  ^1  z  —  z2 

<(|)3Ui-^ll^(^)l  =  C2|01~-02|. 

Finally,  then,  for  all  n  =  1,  2,  3,  ...  we  have 
IM^i)  —  MWKCslX  — Oil-      ^+2s<81<02<p  +  2s. 

(5.27) 

Lemma    5.2.    Under  the  conditions  of  Theorem  5.4  we  have 

lim  bn(%)  =  0,  (5.28) 

n  ->  oo 

and  the  convergence  is  uniform  in  the  interior  of  [a,  3], 


*  See  W.  Sewell  [1]  p.  72. 

**  Here  Clf  C2,  C3,  .  .  .  ,  are  constants  independent  of  Qv  e2. 
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According  to  (4.53)  the  limit  relation  expressed  in  (5.28)  holds  at 
every  point  of  [a  +  2e,  3  -  2e].  Then  by  using  the  fact  that  the  se- 
quence "fon(G)}  is  equicontinuous  on  this  interval,  we  show  that  the 
convergence  is  uniform. 

Let  there  be  given  an  r\  >  0  arbitrarily  small,  and  let  us  choose  a 
6  >  0  such  that  for  all  n  =  1,  2,  .  .  .  we  have 

|M?3  — MWKjil.        a+2£<61<62<f)  —  2e,      (5.29) 

for  |  0J-  02  |  <  6.    Let  the  interval  [a  +  2e,  3  -  2e]  be  divided  by 

points  {3i>  f1  so  that  3t  +  1-  &[  <  6  ,  (i  =  l,  2 m  -  1).    Let 

6  be  on  [0if  3i  +  1],  i.e.,  je  -  3i|  <  6.    Then 

l^+*(0)-^(0)|<|*n+*(0)-*»+*(Pi)|  +  l^„+*(Pi)-*»(Pi)l  + 

2 
3 


+  |*»(Pl)-*»(0)|<41l  +  l*n+*(P<)T-*n(P4)|- 


Now  choose  n[  large  enough  so  that 

I  K+k  (Pi)  —  K  (P^  |  <  j  7],  n>nt. 

Then 

Now  let  n0  >  max  {  nlt  n2,  .  .  .  ,  nm  .  J  ;  and  then  for  n  >  n0  we  have 

|*n+*(0)  —  ^(0)i<^l 
for  arbitrary  0  on  [a  +  2e,  3-  2e],  which  proves  the  uniformity  of 
the  convergence  (5.28). 

As  a  consequence  of  the  above  we  have 

Theorem    5.5 .    Let  the  integral  of  (4.35)  exist,  and  assume  that 
on  [a,  3]  the  function  o(0)  is  absolutely  continuous,  while  p(0)  satis- 
fies 0<  m  <  (0)  (i.e.,  is  bounded  from  below)  and  has  a  continuous 
second  derivative  p**(0)  satisfying  the  Dini-Lipschitz  condition  (5.24). 
Then  in  the  interior  of  [a,  3]  the  limit  relation  (5.22)  holds,  and  the 
convergence  is  uniform. 

As  is  seen  from  (4.46)  it  is  sufficient  to  show  that  the  convergence 
in  (4.34)  is  uniform,  which  has  already  been  done  in  Lemma  5.2  for 
the  {bn(0o)}  sequence.    For  the  {an  (0O)}  we  have 
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2k 


a« (80)  =  i / z ^lZlfo)  <(i) d? (6)  = 

0 


2i 
0 

2  ==  e*o,     20  =  ei(i 
Since    —7-^fH2, 


2k 
1 

2 
0 


LJ,!faW^),,(e) 


2itt      J 


(jl_^Adz  =  0> 


whence,  using  the  Bunyakovskii-Schwarz  inequality,  we  arrive  at 


l«»(0o) 


.<r 


^o(0)-^o(0o) 


««-«*«- 


a 

2 


iii«%(8)-«„?;(^)iii-(M0) 


According  to  (4.44)  and  (4.47)  the  first  integral  can  be  appraised  in- 
dependently of   60;  the  second  integral  is  independent  of  0O  and  tends 
to  zero  with  1/  n. 

Thus  we  have  obtained  conditions  I  and  II  of  Table  V.  Condition 
III  has  been  studied  by  Szegofl]  (Sections  12.1,12.6),  and  the  limit 
relation  holds  at  any  point  0O  in  the  neighborhood  of  which  condition 
III  is  fulfilled. 

5. 5.  In  the  sequel  we  shall  need 

Lemma  5.  3  .  Let  /(0)  £  ^1  be  continuous  on  [a,  3]  with  mod- 
ulus of  continuity  a>(6;  j).  Then  the  Jackson  sum  u^G)  [see  (3.1)] has 
the  following  property  in  the  interior  of  [a,  0]: 

l«,(90)— V(0o)l<Ca)(i;  /),      a  +  s<0o<p  — 6,(5.31) 

where  C  is  independent  of  ri  and  60. 
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Let  t0  denote  the  maximum  value  of  t,  for  which 
[60  —  It,  e0  +  2/]c[a  +  -i~  p—  j], 
and  let  us  break  up  the  integral  in  (3.7)  into  the  two  integrals 


o  o  t0 

Since  t  ^  t0  in  the  second  of  these  integrals, 


(5.32) 


(5.33) 


f[^r)4\f(%+2t)  +  f(%--^)-^(%)\dt< 


^V(2v2_|_l) 

2ic 


f      ^  1 

\f\f(t)\dt+i:\f(%)\\==0[~) 


A  consequence  of  (5.32)  is  that  in  the  integrand  of  the  first  integral 
|/(80+20+/(80—  20  —  2/(90)|<2u>(2U|;/), 

from  which  we  obtain 
3 


TCV  (2v2-j-l) 


|0VM^k< 


0 


< 


icv(2vt+l) 

o 


/(Sf)4-^/>*< 


<!4^n/(irf)4^+  ')*<6.(I;  /)    (5.35) 

0 

if  in  the  (3.4)  we  again  write  X  =  2v  t,  6  =  l/v.    This  brings  us  to 

Theorem    5.6.     Let    — -—Ci     and  p(e)  <  M  for  0  <  0  <2tt; 
— p(Q)   ^    2 

let   — -T-  ^ —   for     0  £  £\  ;  assume  that  on  [a,  3]  the  function o  (0) 

is  absolutely  continuous,  while  p(0)>  m  >  0  is  continuous  and  satis- 
fies the  Dini-Lipschitz  condition 

1\_T 


(3;p)<c(lnl)     ,     T>1. 


(5.36) 
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Then  in  the  interior  of  [eia,  e"*]  we  have 

l<p;(^)-^(^)l<ClU,2(I;I)  +  C2(ln«)1^  +  C3S„_I)* 

a-H<90<P  —  s,         e>0,  (5'37) 

where  C,  Clf  C2,  .  .  .  are  constants  independent  of  6  ,  of  n,  and  of  0O. 

We  note  first  that  according  to  Theorem  4.5,  the  orthonormal  set 
is  uniformly  bounded  in  the  interior  of  [a,  3],  that  is  to  say 

l?»(^)|<A     a<a/<0o<r<P 

1 


Set  /(f)) 


PW 


(5.37') 
£  L2  in  (3.1)  and  let  v  be  the  largest  integer  for 


which  r  =  2v  —  2  <  n;  then  from  Lemmas  3.1  and  5.3  we  have 

1 


«v(0) 


«v(0)  — 


Pi*) 
1 

Pi*) 


<  6(0, 


(t:   i). 


<C«)(i;I),      a  +  £<G<p- 


(5.38) 


12  2 

Because  n  —  1  <  2v  -  2,  it  follows  that      —  <1  — nr  <  —  »  and  there- 

fore 


«,w 


",(«)- 


PW 

1 


P(0) 


(5.381) 


Recall  further  that  on  [a,  3 ]  we  have  p  e  >  m  >  0,  so  that  if  a  +  e  < 
<  9  <  3  -   c  and  |6|  <  e  we  obtain 

I 1 L_|  —   l/>(0  +  5)-/>(6)|     ^    1    .n,ft    ,    *x        n,flx, 

as  a  consequence  of  which  a  +  €<0<3-  e  means  that 


«,c» 


1 

P(0) 


<C1o)(l;  /;)<C,(ln/0 


(5.38") 


*  In  the  special  case  for  which  o  (e)  is  absolutely  continuous  through- 
out [0,  2tt],  we  may  set  C3  =  0. 


ASYMPTOTIC  FORMULAS  AND  LIMIT  RELATIONS  87 

We  now  introduce  the  polynomials 

M*)=te"+---      «  =  °.  >• 2 

orthonormal  with  respect  to  the  weight 

1 


Pi(0)  = 


«v(0) 


and  recall  that  Jackson  polynomials  have  the  property  that  0  <  l/M  < 
^  Uj,  (0)  (0  <0  <  27r).  It  is  clear  from  (1.20)  that  all  the  polynomials 
{Xk(z)}o  wil1  be  me  same  as  those  obtained  if  we  replace  the  weight 

«v(0)  =  |Xr(«,G)l2.     r  =  2v  —  2<».  (5#39) 

From  this  we  obtain  the  inequality 

|Xr><8)|=>^(8)<C,     a-f  e<9<p  —  e,        <5-40) 

since  (5.38)  asserts  that  fora+  e  <  0  <  3  -  c, 

«.«»<7W+o  (hp)<i+cHiiP)  =  c- 

Expanding  <PT(z)  in  the  {\s(z)}  J,  we  arrive,  in  analogy  with (4.25),  at 

+  i/{^-JU(0)}<?'•(*'0)/C''-l(',i0'•   e")rf0— rfr-      (5-41> 
0 

2*  ) 

dr=^f?A'")Kr~l('*>    «*•)*>!  (0).         | 

0  |  (5.42) 

Ar-lUo.   <)  = ; = • 

1  —  ^  J 

To  evaluate  dr  we  note  that  according  to  (5.39),  (5.40),  and  (2.23),  we 
have,  for  9  £  [2,  3]  and  a+  e<e0^  3  _  e, 

I e         e   °  I  sin  — 

2  (5.43) 
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If  in  (3.1)  we  were  to  replace  f(t)  by  l/p0(t)  or  l/p(t),  we  would  not 
change  Ui/(6),  since  these  functions  are  equivalent;  thus,  making  use 
of  Lemma  3.1,  we  have 

1      Jl       I      1     I  •*  / 1       1  \ 

l+lswt<cf(T»s)< 


IK(8)llf'<k(e)— -L 

II  Po  (°) 

1 


<C  sup 

|8|<- 


_j L-/1— r      n    l ir_ 

A)  (9  +  5)        A>(6)  i  ~        SUPi  II  A)  (6  +  5)1  = 

lsl<^ 


=  C  sup    V\\^  +  h)\\l\. 


I«K-J 


Then  from  (3.9')  we  obtain 

ll«v(0)|[I'<C1> 

and  hence,  using  (5.43),  we  arrive  at 
I  dr  |<  C28r  <  C28n- 1 .      »  —  1  <  r  =  2v  —  2  <  »,      8r  <  8W_ x . 

(5.44) 

Let  us  now  obtain  an  appraisal  for  the  integral  in  (5.41). 

Throughout  [0,  27r]  we  know  that  p(6)  <  M  and  uv  (6)  ^  1/M,  so 


tbat 


l/rfir<^         0<G<2tt. 
r     wv  (6)  >  ^ 


(5.45) 


From  (5.41)  we  are  led  to 

<Pr(«i9")-^V(^)|< 
Yr  I 


(5.46) 


A,  A*,  B,  .  .  .  are  constants  independent  of  9  and  n. 
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Let  a'  +  2e<60^  $*  -  2e  and  let  us  introduce  the  intermediate  points 
0<a'  +  £<80-I<e0  +  I<p'  —  e<27t, 

in  terms  of  which  we  break  up  the  integral  in  (5.46)  into  five  integrals, 
ix i5,  and  proceed  to  obtain  an  appraisal  for  each  of  them. 

From  the  Cauchy-Bunyakovskii  inequality  we  have 

Since,  according  to  (5.40),         .»>.  ^-7^     on  [or  +  €,  3'  -  e],  we 

arrive  with  the  aid  of  (4.8)  at 

Kr-i (A  e*«) <CCr*C  C^,     Kfr-i{el\  e®)  < Ctn,  \ 

a'+e<0,     80<p  —  e.  J  (5.47) 

In  this  way,  using  (5.37*),  (5.45),  and  (5.38"),  we  obtain  the  following 
estimate  for  i3  in  (5.46): 


1 


'3=^  /   \<t>M-jj5)\Vp<.m<rA<n)\x 

«     1 


n 


X  ■Kr-1yl^~- M  <  g C2  (In  «)- T  AMC./t  ■  I  =  C2  (In  «1 

(5. 

For  the  remaining  integrals,  we  use  (5.39)  and  (5.40),  according  to 
which 

VM6)        <U"-.*|VMiJ  < 

<_iW!lL<_j!C_ 


sin 


2      I 
Since  |e  -  6Q\  >  e  for  0  <  e  <  a'  +  €,  we  arrive  at 
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'»<1sr/  |"v(8)-7Jer|-^(e)|tPr(^)|rfe< 

0 

<MTLh^—mihr(^)X<C3.z(-L;  1),  (5.49) 


and  a  similar  expression  for  i5. 

Finally,  i2  satisfies  the  inequality 


M 


I  f  <gctQnn)-iVMAf    g^-<C4  (!„„)'-; 

a'+e  a'+e 

(5.50) 
a  similar  expression  holds  for  i4. 

Summing  up,  therefore,  from  (5.46)- (5.50)  we  obtain 
a'+2e<0n<p'  — 2e. 


(5.51) 


Further, 


«,(fl) 


pW 


=  ||X*(e«e)|2  —  |'m  (e«)  |*|  = 

=  ||X;(«»)|  — |«(e«)||.||X;(««)|+|«(e«)|| 


and,  using  (5.38*),  we  obtain  the  following  inequality  for  the  difference 
of  the  moduli: 


(5.52) 


a'+2e<0o<p'  —  2e. 
In  deriving  this  we  used  the  fact  that  according  to  (5.45) 
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^^vk^VM'  IS<'*)I=Vm®>7W. 


We  now  use  (2.6)  to  evaluate  the  difference  of  the  arguments 


(5.52') 


2  it 


argX;(^)-arg.(^)  =  ^/{ln«v(e)-,n^}ctg^rfO, 

0 

a'  +  2e<e0<p'-2e.  (5*53) 

We  now  introduce  the  points 

0  <  a'  +  s  <  0O  —  en  <  0o  +  ew  <  $'  —  e  <  2tt, 

_  1 

£^  /t  \Y-1     ' 

n  (In  /z)Y    x 

to  break  up  the  integral  in  (5.53)  into  the  five  integrals  Ix I5. 

To  obtain  an  appraisal  for  lx  we  note  that  \q  -  0O|  >  €,  which  accord- 
ing to  (5.38),  implies  that 

ei'+e  a'+e 

if     <— Wf    |'""v(6)-ln-^|d6< 


A 


471  sin 


<— |lntfv(6) — ln-UI  <D1a)2(— ;    1)* 

2sin—  'I  />Wb^     *   2\"      PI 

since  the  conditions       ,ftv  ^  -^    and    #  v  (G)  ^>  —    lead  to 


(5.54) 


p  (0)  ^  M 


lnwv(0)  — In 


PW 


<M 


«,(0)- 


/><0) 


Af 


,      0<G<2t:;    (5.54') 


a  similar  expression  is  obtained  for  I5. 

*  Here  Dlf  D2,  .  .  .  are  constants  independent  of  n  and  e0. 
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For  I2,  we  use  (5.38"),  according  to  which 


41  = 


0     n 


a'  +e 


i  /  «*(i> ')  I  £r- 


a'+e 


(5.55) 


=  C«)(-i;  p)[lni+1n(P'  —  a'  —  3e)]  <  D2(ln  az)1^; 


a  similar  expression  is  obtained  for  I4. 
Finally,  for  I3  we  use  the  fact  that 


90+sn 


f    ctg^!d6  =  0, 


so  that  we  may  write 
h  =  ^n     f     {llnwv(6)  —  lnM60)]  + 


°0-en 


This  then  leads  us  to 


9o+en 


h\< 


if 


In  u,  (6)  -  In  u,  (60)  j  +  1  In  p  (9)  -  In  p  (60)  [ 
I  0-0o  I 


</6. 


(5.56) 
Since  on  [a,  0]  the  function  In  p(©)fhas  a  modulus  of  continuity  of 
the  same  order  as  that  of  p(0),  we  have 


ln/?(0)  —  ln/K0o)|<C'(i>(|e  —  90|;  p)t 


whence 


Ven 


i/ 


ln/7(6)-lnp(80) 


tfG 


<2^7^#^<D3(,n^"Y- 


(5.57) 
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Now  (5.39)  and  (5.40)  may  be  rewritten,  setting  z  =  e1& , 

UAQ)  =  \K(*)\2>      \K(*)\<C,     a+e<0<p  —  e, 
so  that 


u[  (0)  =  /  [zky  (z)  Xr  (z)  —  Xr  (z)  z\'r  (z)], 

l«I(0)|<2|Xr(^)Xj(z)|<2C|xJ(2?)|,     a-f  e<0<(3  — s. 

We  may  now  use  the  consideration  employed  by  Sewell  [1]  in 
Section  2.1  and  his  Theorem  2.1.4,  to  assert  that* 

ItiWlKCs,     a+2s       0<p  — 2e, 
and  thus  to  obtain 

\u 
Hence 


tfv  (0)  I  <  C2n,     a  +  2s  <  0  <  p  —  2s. 


«v(9)  — «,(80)|  = 


/«v(6) 


dQ 


<C2/z|0  — 0O|, 

a+2e<0,    0o<p  — 2e, 


and  therefore  on  the  basis  of  (5.52')  and  (5.54')  we  have 

|ln«v(0)  —  lntfv(0o)|<C3/*|O  —  0O|. 
We  thus  obtain 


f     I  In  a,  (9)  -  In  u,  (80) 

e/  I  G  -  60 

o~ew 
Our  final  result,  therefore,  is 


dQ  <  2C\nen  =  2C3  (In  /z)1"7     (5.58) 


59) 


|arg);r(^)-argT:(^)|<D4o)2(l;  1)  +  D5  (In  A*)1-'.    (5. 

This  and  (5.52)  lead  to  the  conclusion  that  for  a*  +  2e  <  60  ^ 
<6»-  2e  , 

|  X;  (**)  -  «  (**■)  |  <  DGo)2  (i- ;  ±)  +  D7  (In  /I)1"'.        (5.60) 


*    See  also  G.  Szego  [4], 
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We  now  compare  this  with  (5.51)  to  obtain  an  estimate  for{xr/3r)—  1, 
from  (2.10)  we  have 


271 


whence 


3  =  exp  {  —  -r-  I   In  — -^  dO  } 


£-»P(i/[,Bi^-ta'»W]«»}'- 


But  since 

2tc 

2* 

0 


/lln^-,n^e> 


tf0< 


lnwv(6)  — In 


< 


it  follows  that 


P  (6)  IN 

<Ba*(\''j)-  (5-61> 

On  the  other  hand,  ocr  £  a;  thus  finally  from  (2.20)  we  have 

"r  i   "V/"  |\_1_CI'- I 

|^_.|<Bn)2(l,  l)  +  BVr. 
Thus  we  arrive  at 
1 9'r  (en>)  -  K  (««.)  |<|9;  (««.)  - 1  *•  («*)|  +  f-f  -  1 1|  K  («*)!< 

<D8(ln«)1^  +  D9«.2(-i,  j)  +  Oio8»-i. 
a'  +  2£<90<p'  —  2e. 
Combining  this  with  (5.60),  we  are  led  to 

|  ?; («*•)  - « («'•«)  |<  ClU>2  (1  ;  1)  +  C2  (In  k)1_t  +  C3hn-i 


«  +  ^<9o<P  —  1- 


(5.62) 
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Since  r  =  2V  ~  2  <  n,  this  last  inequality  has  been  established  only  for 
even  r.    According  to  (1.2),  however,  we  may  write 

|  fr  «  («"*)  —  *  («*0  |  <  |  ^  <?r  <■'"')  ~  *  («i9°) 
I  <t        (0)\ 

+  ' r+;    '  i *, («"•) i< i v'r («i9») - « («*-) I + 

u*.  i  I 


?; 


(««.)!  I 


r  +  1 


+ 


V+i<°> 


Now  we  know  that  l/ar  s  1/a,,,  and  that  |  V*(eieo)|  =  |  <Pr(eleo)|  =s  A 
for  a'  s  60  s  6 ';  further,  using  (1.5)  and  (2.8),  we  find  that 

-    •    _       4+1-«l        ,  l?r  +  1(°)|2     .   «2  /.I        ~2     v  <  «*»? 
rVr  +  l'r/  0  0  0 


r  +  1 


'    r 
so  that 


V+l 


(«*.)  — «(«*•-)  I  <C1co,(l';  i)  +  C2(1n«)1^+C3Bn_1  + 


24 


'«-i 


<c 


1(02  (t!  7) 


1-7 


+C2(ln/*)i-M-C3§n-i, 


We  thus  see  that  (5.37)  is  valid  for  all  n,  both  even  and  odd. 

We  thus  arrive  at  condition  IV  of  Table  V.  Conditions  V-Xwill 
be  treated  in  Chapter  VII. 

5. 6.   Let  us  consider  yet  another  limit  relation  of  the  local  type. 

Theorem    5.7.    Let  the  integral  of  (4.35)  exist,  and  assume 
that  on  [a,  3]  the  function  a  (6)  is  absolutely  continuous,  and  that 
p(6)  ^  m  >  0  is  continuous.    Then  in  the  interior  of  [a,  3]  we  ob- 
tain the  limit  relation 


lim 

n  ->  oo 


Kn&\e^) 


the  convergence  being  uniform. 


a-f-e<60<(3  —  s,      (5.63) 


We  note  first  that  from  (4.20)  and  Fejer's  theorem  we  obtain  the 
inequality 

Aft^      i   e     )  n->oo 

(5.64) 
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To  obtain  a  lower  bound  let  us  write  the  measure  do(e)  in  the  form 

rfb(8)  =  ft(e)d02(8),  (5.65) 

where  we  have  set 

1      1    ,     ee[a,pl,      2K'       I  o(6),     egla.pl. 
Then  p2(G)  ^  m*  >  0  throughout  [0,  27r],  and  o2(e)  satisfies  all  the 
conditions  of  Theorems  5.5  and  4.2.    Hence  from  (5.22)  and  (4.8)  it 
follows  that  for  the  sums  and  polynomials  associated  with  these  func- 

ti0nSW6haVe  *»>(,<•,<•)  1 

n->oo  w>oo        n  +  1  o2(6) 

jrf?^8.  e*8)<C(»+l),     n>m,     a  +  s<0<p  —  e," 
where  the  convergence  indicated  is  uniform  in  the  interior  of  [a,  3]. 

We  shall  now  prove  that  for  any  0  <  <5   <  1  and  any  0  <  T]  <   e 
there  exist  an  n0  =  n0  (<5 ,  tj ),  such  that  for  all  n  >  n0  and  for  a  +  2e< 
ss  60  <  3-2e  we  have  * 

e 

e  =  ;e0-„,  e0+,].  (5-68) 

We  shall  prove  the  assertion  by  contradiction.    Assume  that  there 
exists  an  n  such  that 


±  f  |  h„  (««,  «*)  |i  rfs2  (0)  <  ppq^  •  (5.69) 

6 

Consider  the  new  polynomial 

(9+(f)s![H 

#v  (*,  Z0)  =  An  (*,  Z0)  J Y0~  J  »     g*  (Z°'  Zo)  =  l       (5-70) 


•  See  P.  Erdos  and  P.  Turan  [1],  Section  3. 
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of  degree  v  <J  n  ( 1  +  -~-) .  We  then  have 

|  gv  (**,  *<*■)  |*  =  |  hn  (e*,  €**)  |2  {  1  —  ^  sin.2  (6  —  60)  p  ^  < 

<IM*W,  *<fl0|2.      (5.71) 
From  (1.10)  and  (4.8)  it  follows  that  for  a  +  2e  <  e0  <  3  -  2e  we 
have  the  inequality 

if  \gAe«.  .*)|«*.(8)>  ^atr7^> 

(5.72) 


>_u> 


^^     c[.(i+*)+i] 


On  the  other  hand,  if    8  £  e    then  |  e  -  0O|  ^  r\ .  so  that 
1—  isin*(O-0o)<l—  ±sin»i)<l— X*if.    X  =  |ji     Oge. 
Thus  if  we  set  e*  +  e  =  [0,  2tt],  we  obtain 

2tc 


i/ !*.<•*.  «i9»)|2da2(6)<(l—  XV)^"^ 


X 


)<if\K  («i9>  «<0")  I2  rf°2  (6)  +  if\  K  (ein,  ei9«)  |»  rfo2  (0), 


which  leads  to  the  inequality 

2rc 

!     ''  > 


•^  y   |  ft„  (*<",  ««■)  |»  do,  (0)  >  ±  y  |  hn  (,*,  ,«.)  |*  rf02  (G) 


> ^T-it^T  /'  kv(ei0>«i0")l2rf°2(0)- 

(l-XV)14      Jl        °  (5.73) 

~^y  |A,((«i9,^)|2rfa2(e)>. 
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By  making  use  of  (5.72),  (5.69),  and  (4.8),  we  arrive  at 


2* 


l-  f\kn(e*,  ^)|2rfa2(0)> 


o 

[ln5]   f  1  1- 


>(1+^2) 


C[n(l  +  i)  +  l]       C<»  +  '> 


f-j-ns]      ZL  n  -4-5^-4- 1  fxw8l 

c^+!>    »(i+4)+i      2C(w+1)  '"* 

Since  p2  (0)  >  m'  >  0,  0  £  [0,   2tc],  we  finally  find  that 

2it 

1-  /"  |  /*„  (««,    &)  |2  rfa  (0)  = 1-—  > 

2*  [4  ™1 

„*    r . .    .  ,„     ,«.,«.    ....    m'5ri  +  xv*1  J 


2Ue/  i*»i«  .  «  ;i  «°2^>      2C(/i  +  i) 


0 

According  to  (4.8) 

_1 >  1  m'5(l+XV)U      J 

C,(n  +  1)'"  K„<A«i9')  2C(n  +  l)         ' 

a+2e<0o<p  — 2e, 
which  means  that 

n  .  xh4^11^<2C  (5-74) 

Now  for  fixed  7]  and  6  and  for  sufficiently  large  n  >  n0  =  n0  (6  ,  77 ) 
this  inequality  is  an  impossible  one,  so  that  (5.68)  holds  for  all  n  >  n0. 

Recalling  that  p2(6)is  continuous  for  0O-  77  <  e  <  00  +  7] ,  we 
have 

|/?2(0)  —  p2(0o)|<a)(7j;  p2), 


whence 


minp2(O)>/?2(0o)  — co(t];  p2). 
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Using  (5.68),  we  obtain 

2% 

5—5-  =  ^  f  I  *»  <e"'  eA)  I' H (6)  d°* (6)  > 

>mlnA(8).   1  TlMe"1,  «*•) |* d». (8) > 

v  e 

v.    Pt  (6o)  —  g  0).  gg)  /  1  *x 

> C(»  +  l)        ( *  ""  B)'  V(5.7S) 

which  leads  easily  to  the  inequality 

(1-»H*(°»>- «<**>]<         "  +  1        ,  a+2e<60<p-2e. 

/C»(A  **'•) 
From  (5.67)  it  follows  that 

*i?(A  «<9")<(n+  l)[14-o(l)l 

and  thus  C  can  be  made  arbitrarily  close  to  unity  by  choosing  n  suf- 
ficiently large.    Since  6  and  rj  are  independent  of  n  and  of  each  other, 
it  is  possible,  given  \i  >  0  no  matter  how  small,  to  choose  6  and  r)  so 
small,  and  n  so  large,  as  to  ensure  the  validity  of  the  inequality 

P2  (6o)  -  ^  <  <l=j)  <*  (QQ>  ~  »  (S  £>»  < ^±J 

c  Kn  (A  A 

on  [a  +  2e,  3  -  2e].    By  comparing  this  with  (5.64)  and  using  the 
arbitrariness  of  [i  and  the  fact  that    e'  =  o(l),    we  arrive  at  (5.63). 

Remark   5.3  .     The  theorem  just  proved  has  been  treated  by 
several  authors,  but  not  in  its  local  form  and  only  for  the  case  in 
whicho(6)is   absolutely   continuous   on   the   entire   in- 
terval  of  orthogonality. 

Our  theorem  is  valid,  in  particular,  if  the  derivative  o' (e), 
existing  almost  everywhere  on  [0,  2tt],  is  such  that 

p  (6)  =  a'  (6)  =  ft  |  e*  -  A  |  "k  cp  (6),  v*  >  -  I :     (5'76> 

In  this  case  o(e)  satisfies  all  the  conditions  of  the  theorem  on  any  in- 
terval [a,  3]  between  6^  and  e^  +1,  where  it  is  absolutely  continuous, 
and  <P(6)  is  continuous  and  bounded  from  below  by  a  positive  number. 
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The  theorem  was  first  proved  for  the  case  s  =  2,  02  =  ©i  +  ff  by 
Szego  [3]  with  the  unnecessary  assumption  that  </>(6)  be  twice  dif- 
ferentiate. It  was  proved  for  the  same  case  by  Akhiezer  [3]  without 
this  assumption. 

The  theorem  is  also  a  consequence  of  Grenader's  and  Rosenblatt's 
[1]  Theorem  3;  their  Theorem  3,  however,  is  based  on  their  Theorem 
2,  and  this  latter  cannot  be  considered  rigorously  proved.   Finally,  the 
theorem  is  proved  by  Erdos  and  Turan  [1]  in  a  somewhat  different  for- 
mulation, namely,  as  an  asymptotic  formula  for  the  Christoffel 
numbers. 

5.7.    We  now  turn  to  some  limit  relations  in  the  metrics  of  the 
space  Lj  and  L2. 

Theorem   5.8.    Assume  the  existence  of  (4.35).    Then 


lim 

/l>oo 


*;<«*•> 


—  i 


lim 

n->co 


%  (eft) 


=  0, 


n  +  1 


=  0, 


(5.77) 


(5.78) 


and  this  implies  that  there  exist   subsequences  {  ns  }   and  {n^}  such 
that  almost  everywhere  in  [0,  2tt] 


lim  cp*   (eif>)  =  7T (e%      lim 


(5.79) 


S->oo         » 

From  (2.8)  we  have 

3i 


?;(«")— «o  (8) 


> 


?;<««> 


It  (C«) 


< 


?;(«w) 


+  i- 


+ 


*;■<#*> 


n  (**) 


<*n 


«& 


<z  +  a( 


and  this  implies  (5.77). 
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*;<«") 


%  (e*H) 


which  leads  to 


<  <«"> 


—  i 


■;  c") 


7C  (*»«) 


TlC") 


71  (**«) 


-—  1 


*;<*> 


7C  (*#) 


< 


*  (e#) 


—  1 


< 


'>*> 


71  (<?#  ) 


•f 


?>«> 


7C  (^) 

<2 


+    1  K 


?;c^) 


7t  (^6) 


so  that 


n->oo 

Now  from  the  fact  that 

/Cw(g'Q,g'9)/>(0) 
n  +  1 


"m   lb(0)|cp;(^)|2—  1 IU  =  0. 


-  1 


< 


*  +  l 


S-IIpWI?.^11) 


S  =  0 


we  are  led,  using  the  theorem  on  the  limit  of  the  arithmetic  mean,  to 


lim 

W->00 


«  +  l 
<  lim 


—  1     < 

Hi 

n 
1 


«  +  l 


SllpWI?.^ 


ill  1 2 


,  =  o. 


s-=0 


Rem  ark   5.4.    We  call  attention  to  an  inequality  obtained  by 
Freud  [1]: 


n  +  1 


<C,/ 


(*)• 


(5.80) 


5.8.    Let  us  now  turn  to  some  necessary   conditions   for 
the    validity   of  the    limit   relations.    We  first  consider 
necessary  conditions  for  the  existence  of  the  limit  on  the  right-hand 
side  of  (5.22),  namely, 

*(*«.)  =     lim    x(rei0)  =£  0. 

r>i-0 
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This  requires  that  the  boundary  value 


]mz(eiB)=  In    _  1     : -f  arg  tc  (g*p«) 

y  p  {%) 


exist,  and  this  in  turn  means  that  the  Fourier  series  for  the  function 

1         _    a0 


In  yL=-  ~ a  +  ^  (^  cos  £8  +  ftt  sin  AS) 


and  the  conjugate  series 

oo 

2  (flfc  sin  kd  —  bh  cos  &G) 

must  be  summable  by  Abel's  (or  Poisson's)  method  at  G  =  e0«    Tne 
necessary  condition  for  the  existence  of  the  limit  of  the  left-hand 
side  of  (5.22)  gives  the  following 

Theorem    5.9.    If  there  exists  a  subsequence  of  orthonormal 
polynomials  such  that  on  a  set  of  points  of  positive  measure  on  the 
circumference  |z|    =1  this  subsequence  converges  in  measure  to  a 
function  which  is  measurable  and  finite  almost  everywhere  on  this  set, 
then  the  integral  (4.35)  exists. 

Let  the  subsequence  {cp*   (e^))   converge  in  measure  to  the  func- 
tion   /(6)  ^=  co,     0  £  e.     From  the  obvious  inequality  ln+  x  <  x, 
x  >  0,  we  find  that  any  function    /»(£)£  ^2    satisfies  the  inequality 


^ /in+ 1/,  (/•«»)!  rfe  <  ||/,  («")!!,< 


2l.J  |,W  /,  ^„,VV  ,„1^  (5>81) 

<  ||/„  (/■**>)  II 2  <||/,(e")|]8,       r<\, 

since  the  integral  is  a  nondecreasing  function  of  r_.    On  the  other  hand, 
(1.20)  asserts  that 

2« 


Utf&rr'*   <-=°-1-2-->- 


(5.82) 


Setting  /„  (2)  =  — * in  (5.81),  we  arrive  at  the  inequality 


2ti 


2* 

-  f  ln+       ;   *     .,    rfO<lA^,   r<  1     (v=  1,  2, ).    (5.83) 
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According  to  1.2,  in  the  region  |z|  <  1  we  are  assured  of  the  exist- 
ence of  lim    cp*    (z)=iz(z),    where  tt  (z)  =  °°,  if  the  integral  of  (4.35) 

V  ->  oo  "» 

does  not  exist.    Applying  the  generalized  Khinchin-Ostrovskii  theorem* 

to  the  subsequence  J     *      ^7  1  ,  we  may  assert  that  this  subsequence 

converges  in  measure  on  the  set  e  to  the  boundary  values  1/tt(z),  and 
hence  that  lfa(e1®)  and  l/f(0)are  equivalent  one.    If,  therefore,  the 
integral  of  (4.35)  does  not  exist,  l/f(6)  is  equivalent  to  zero  on  e, 
contrary  to  assumption. 

Thus  if  the  integral  of  (4.35)  does  not  exist,  then: 

1)   In  the  region  |  z  |  <  1  the  limit 

iim  cp*  (z)  =  oo  (5.84) 


72->OQ 

exists. 


2)  On  the  circumference  |z|  =  1  there  can  exist  no  subsequence 
converging  in  measure  on  a  set  of  positive  measure  to  a  function  finite 
almost  everywhere  on  this  set.    A  sequence  may,  however,  be  bounded, 
as  for  instance  in  (4.14*). 

3)  On  a  set  of  measure  zero  on  the  circumference  |z  |  =  1  a 
sequence  may  converge;  for  instance,  at  points  of  concentrated  mass 

oo 

forming  a  countable  set,  the  series    2  I  ^k(z)\2    converges,  and 

k  =  0 

therefore     lim  cpn  (z)  =  0.  ** 

n  ->  oo 

5.9.   We  have  been  considering  limit  relations  on  the  circumfer- 
ence |z|    =1;  let  us  now  turn  to  the  relations  in  the  region  |z|<  1. 

Theorem    5.10.    If  condition  (4.35)  is  fulfilled,  then 


*(*) 


<     rCK        ,        \z\<\.  (5.85) 


*  See,  for  instance,  I.  I.  Privalov  [1],  Chap.  II,  Section  7. 
**  See  Ya.  L.  Geronimus,  [1],  Section  20. 
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For |z|  <  r  <  1,  we  have,  uniformly, 

|<p»  —  *(*)|  =  0(8J.  (5.86) 

From  (5.7'),  for  |z|  <  1  we  have 

i?;(*>-«(*)i<k(*)-f««  +~^\*(.z)\< 

/         °°  "       ~  °°  2>2 

r        fc=w+l  fc  =  n+l  wv    -r    n/ 


^   1  *  (£)  I  «^w   f  1  ao„    ) 

a0  tyi  —  \z\         a+o0f'     (5.87) 

which  leads  to  (5.85). 


In  view  of  the  convergence  of 

T—  i  ^  |2  ' 


£l^)l2  =  j^,     l*K'l 


fc  =  0 

to  a  function  continuous  for  |z|  <  r  <  1,  we  have 

oo 

uniformly,  which,  with  (5.87),  leads  to  (5.86). 

Using  Table  I  and  (3.9)-(3.9"),  it  is  possible  to  evaluate  the  errors 
involved  in  (5.86)  for  |z|  <  1. 


CHAPTER  VI 

ORTHOGONAL  SERIES 

6. 1 .  We  shall  concern  ourselves  with  series  of  the  form 

oo 
fc  =  0 

in  orthogonal  polynomials.  We  first  place  some  restrictions 
on  the  measure  do(e)  so  that  the  series  should  have  properties  analo- 
gous to  those  of  power  series. 

We  shall  denote  by  a(<5)  the  so-called  modulus  of  increase*  of 
o{e),  i.e., 

fl(8)  =  inf  fdo(B),       Mese  =  8,       e£[0,  2ir].      (6.2) 

e 

We  then  have  the  following 
Theorem    6.1.    If 

iim  {8  In  a  (8)}  =  0,  (6.3) 

6->0 

then  the  limit 

Km   V\<?n(*)\  =  \z\,        M  >  i  <6-4) 

n->oo 
exists. 

We  write 

®n(z)  =  ~^  =  Zn+    ...  (11  =  0,    1,2,    ...), 


*  See  J.  Shohat  [1,  2];  Ya.  L.  Geronimus  [7,  8]. 
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and  then  obtain 

n         2% 
On  the  other  hand,  let 

mn=     max     |$n(««)|  =  |  $n  («<«->)  |. 

0<6<2n: 

Then  using  (3.42)  with  z:  =  eie ,  z0  =  e10,  we  have 


(6.5) 


tf2 


<  f"»n  I  ^o—^i  I  <  »^n  !  9o—  6i  I- 


Proceeding  in  the  same  way  as  in  the  proof  of  Theorem  3.6,  we  obtain 

1  n        ,        1    "I 


for    Oge 


0, 


/«■ 


i®.(«*)i>-^ 


This  leads  to 

2*  2 

^/|^Wi2^)>y^(0)>^(ij>.8Iaji)J 
o  e 

since  mn  >  1  as  a  consequence  of  the  fact  that  zn  is  the  polynomial 
whose  deviation  from  zero  on  the  circumference  |z|  =  1  is  less  than 
that  of  any  other  polynomial  of  the  form  zn  +  .  .  .  . 


We  thus  have  the  double  inequality 
1 


lie       \  n  J         8tc       \  /i  /         aj 


<*<>. 


(6.6) 


and  therefore 


2/z 


In 


(i).i 


«G) 


K    <7r'nm«  +  2^ln    8, 


<  —  -lna/(<2^lnf0. 
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Now  going  to  the  limit  n  -*  °°,  we  obtain 
-pr-   lim   j  —  lna(  —  )>•< —  lim  <  —  lnanl<; 


n  •>  oo 
which,  together  with  (6.3),  implies  the  existence  of  the  limit 


< —   lim    \  —  lnan  i  <  0, 

n  ->  oo 
:istence  of  the  limit 

lim  f-lnaw[  =  0,       lim    yan=   lim    Ymn=\.     (6.7) 

n  ->  oo  t   ^  i  w->oo  n  ->-  oo 

Consider  the  sequence  of  functions 

fn(*)  =  i{Vr^-l],      \Z\<1      («  =  0,    1,  2,   ...). 

In  the  region  |z|<  1  all  these  functions  are  regular,  bounded  (for 
|/n(z)  |<  1),  and  nonvanishing,  and  for  all  of  them  the  limit 

Hm  /„(0)  =  -U    lim  ^ZT  ~  !  \  =  ° 
exists.    As  a  consequence  we  have  the  limit  relation 

Hm  /„(*)  =  0.      iim  V$J*)=L     |z|<l, 

n  ->  co  n  ->  oo 

che  convergence  being  uniform  for  |z  |  <  r  <  1*  ). 

Now  for  z0  =  l/z  with  |z0|  >  1,  we  have  ^n(zo)  =  zo  ^n  (z)«  wnicn 
implies  (6.4). 

Remark   6. 1 .     A  limit  relation  analogous  to  (6.4)  can  be  ob- 
tained for  polynomials  {$n(z)|  ,  as  the  author  has  shown  [7],  from  the 
conditions  that  o'(e)  >  0  almost   every  where  in  [0,  2tt],    For 
absolutely  continuous  o(e)  this  has  been  shown  by  Erdos  and  Turan  [1]. 

From  the  theorem  just  proved  we  obtain  the  following  further 

Theorem   6.2.    Assume  (6.3)  to  hold.    Then  1)  if  (6.1)  con- 
verges at  a  point  z0  such  that  |z0|  >  1,  then  it  converges  absolutely  for 


*  See  G.  Polya  and  G.  Szego  [1],  Part  III,  Problem  256.    Our  equation 
(6.4)  is  a  consequence  also  of  a  theorem  of  Walsh  [1],  Section  7.4. 
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|  z  |  <  |  z0 1 ,  and  uniformly  for  |  z  |  <  r  <  |  z0 1  ,  and  2)  if 

n  ->  oo  r^ 

then  R  is  the  radius  of  convergence  of  the  series. 

From  convergence  at  a  point  z0  one  deduces  (just  as  one  proves 
Abel's  first  theorem  in  the  theory  of  power  series)  that  (6.1)  converges 
absolutely  for  |z|  <  |z0|  and  uniformly  on  a  circumference  1  <  |  z  |  = 
=  r  <  |z0|.    Then  Weierstrass's  theorem  implies  that  the  convergence 
is  uniform  throughout  the  closed  region  |z|  <  r  <  |z0|. 

The  proof  of  the  second  assertion  is  similar  to  the  derivation  of 
the  Cauchy-Hadamard  formula,  of  which  it  is  a  generalization.* 

Remark   6.2.    The  condition  stated  in  Theorem  6.1  can  some- 
times be  put  in  a  different  form. 

Let  o(0)  be  a  strictly  increasing  continuous  function  with  deriva- 
tive o*(0)  positive  almost  everywhere.    Further,  let  the  image  o(e) 
of  the  set  e  of  points  on  which  o'(e)  =  +  oo  be  of  measure  zero.    Then 
the  inverse  function  o'1(\)  is  also  strictly  increasing,  and  both  func- 
tions are  absolutely  continuous. 

Obviously  a  (6)  is  an  increasing  function  such  that  a(0)  =  0.    If  we 

write 

o(8)  =  X,     a(o)  =  r, 

both  inverse  functions 

0  =  a-1(X),     o^a-1^),     fl~1(0)  =  0  (6.9) 

are  also  increasing. 

For  6i  <  G2  (6.2)  tells  us  that 

°(02)  —  a(61)>fl(02  —  0,), 
which  can  also  be  written  in  the  form 
X2  —  X,  >  a  (02-6,),     02  —  0,  =  3-1  (X2)-o-i  (Xj)  <  a-*  (X2— X2), 

(6.10) 

*  Szego  [5]  has  proved  (6.8)  on  the  assumption  that  o(e)  is  an  ab- 

oo 

solutely  continuous  function,  (4.35)  holds,  and  the  series    2j  I  gk  I2 

fe=o 

converges. 
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so  that  a"1  (6)  is  the  analogy  of  the  modulus  of  continuity  for  the  in- 
verse function  o"1(X). 

Then  using  (6.9)  we  may  rewrite  (6.3)  in  the  form 

lim  {a-1(T)lnT}=-0,  (6.11) 

y  ->  0 

which  shows  that  it  is  the  analog  of  the  Dini  condition  for  the  inverse 
function. 

In  just  the  same  way,  we  can  rewrite  (3.18),  a  condition  we  have 
used  several  times,  in  the  form 

02_0i  =  o-i(X2)_a-i(X1)<i-(X2  —  X,),  (6.12) 

which  shows  that  it  is  the  analog  of  the  classification  Lip  1  for  the  in- 
verse function. 

6.2.  We  now  place  some  more  severe  restrictions  on  o(e)  and  the 
sequence  {gn},  namely  we  assume  the  ex  is  ten  ce   of  the    inte- 

oo 

gral  (4.35)  and  that  the  series    ^\  gn\2  converges. 


n=\ 


In  view  of  the  inequality 


in  |  f  m  /~  in 

2 gm  (z)\<V  2  I  a  I2  ]/  2  I  ?*(*)  I2- 

k-n  '  w        k—n  *        k-n 

the  series  of  (6.1)  converges  absolutely  for  |z|  <  1,  uniformly  for 
|z|  <  r  <  1,  and  its  sum 

'JO 

/*(*)= 2 &?*(*).   l*l<>.  (6-13) 

A-  =  0 

is  an  analytic  function,  regular  for  |z|  <  1, 

We  now  turn  to  a  theorem  which  is  to  some  extent  an  analog  of 
Tauber's  theorem  and  Abel's  second  theorem  for  power  series. 

Theorem    6.3.    Assume  that  (4.35)  exists,  and  let  E  be  the  set 
of  points  of  [0,  27r]  on  which  the  derivative  o'  (e)  >  0  exists;  let 
|  Vn(z)|  <  Mn,  |z|  <  1,  and  the  sequence  {Mn}   be  nondecreasing. 
Then 

gn  =  o\  (6.14) 

(  nyMn 
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is  a  sufficient  condition,  in  the  notation  of  (6.13),  for  the  existence  of 
the  radial  boundary  value 

F(eiB«)  =    lim    F (rei9»),     80£E  (6.15) 

r->l-0 

to  be  equivalent  to  the  convergence  of 


2  &?*(«"•)  =  /*(«*■).    flo6£ 

ft  =  0 

to  this  value.* 

Remark   6.3  .     Consider  the  two  limits 

lim    J     lim    sn(rel^)\  ,        lim      j    lim   sn(r#1 

n ->  oo  \  r ->- 1-0  )  r->l-o\w>oo 


(6.16) 


(6.17) 


fc=o 
condition  (6.14)  is  sufficient  for  the  existence  of  one  of  these  to  imply 

the  existence  of  the  other  and  their  equality. 


To  prove  the  theorem  we  evaluate 
I  n 
|  p  (reiK)  —  Sn  (e«o)  |  <  2  ft  In  (rei9«)  —  n  (ei9»)] 

4-0 


+ 


+ 


2  gkfk  (re«-)  <  2 1  ft  I  •  I  <p*  (rei%)  —  n  (e**)  I  + 

k-n+l  k=0 


/oo  /*      OO 

2  lftl2-l/    2  l ?*(«*) |*. 
&  =  >?  +  l  r         ft=«+l 

Now  according  to  (3.42*) 

|  9k  (re*)  —  <p* .(««.)  |<  kMk  ( •  -  0. 


*  The  theorem  retains  its  validity  if  (6.14)  is  replaced  by 

1 
2«|SJ2Mn<°°. 

as  has  been  shown  in  an  article  by  the  author  [9].    If  {Mn}J°  <  C  we 
obtain  Fejer's  generalizations  of  Tauber's  theorem  (see  E.  Landau  [1], 
Section  13). 
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and  therefore 

n  n 

S  I  &  I  •  I  ?*  (/■*"■)  —  <P» («i8j)  I  <  ( 1  -  r)  2  k  |  gk  |  Mk.  (6.i8) 
From  (6.14)  we  have 

lim  U&L^o. 

ft   ->  OO  — 

Now 

so  that  it  follows  from  Cesaro's  theorem  that 

n-  /         _2 

and  therefore  that 

n  2 

2|&H<P*(™*)—  ?*(«^)|=o(l)(»—  r)»Mj.  (6-19) 

Further,  according  to  (1.7)  and  (2.1)  we  have 

oo  oo 

S   i  **  (""")  I2  <  S  I  9k  (re**)  \*  =  h^L ,     r<\. 

k  =  n+l  fc  =  0 

Since  the  derivative 

exists  at  the  point  60,  it  follows  from  the  properties  of  Poisson's  in- 
tegral and  (2.16')  that 

In  |  ,,  {rei%)  |2  _  ln  _J_  =  e  (r>  0o))        lim    e  (r>  0o)  _  0> 

r  vuo;  r->l-0 


We  thus  obtain 

oo 

y  icpfc(r^o)|2<_^_ i_<_£_       (6.20) 

ft  =  rc+l 

where  C  is  independent  of  both  r_  and  60. 
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Further,  from  (6.14), 

oo  oo  oo 

S    l^|W(l)    £    -^<^    S    ^-  =  ^-.(6.21) 

Finally,  combining  (6.19),  (6.20),.  and  (6.21), we  obtain 
\F(re^)-sn(e^)  |  <0(1) (l-r)«AfJ  H 2ii> f.  (6.22) 

V*n(l-r)AfJ 
We  choose  £  from  the  condition  that 
z 

nMj(\—r)=  1         i->     i_r=-^r,       (6#23) 

Writing 

F(rei*»)—F(eiB°)  =  \j.(r,  eo)) 

fe  =  0 

we  are  led  from  (6.22)  and  (6.23)  to 

Mr,  %)  —  ri(n,  60)  =  o(l). 

Clearly  r  -♦  1  -  0  as  n  -♦  °°.    Hence 

Hm  [{x(r,  60)  — y](/i,  60)]  =  0 

n  ->oo 

and  therefore  separately 

lim  {x(r,  O0)  =  0,       lim  r\{n,  0O), 

r ->  1-0  n  ■>  oo 

which  means  that  (6.15)  and  (6.16)  are  equivalent. 

By  placing  more  severe  restrictions  ono(e),  we  can  obtain  some 
sufficient  conditions  which  must  be  satisfied  by  the  sequence  {gn} 
in  order  that  (6.15)  and  (6.16)  be  equivalent. 

Theorem   6.4.    1)   Let    o  (62)  —  0(0^  >  w(02  —  bt),    Bv 
02£  [0,  2tc],      Then  in  order  for  (6.15)  and  (6.16)  to  be  equivalent  it 
is  sufficient  that 
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2)    Let      a(  0)£  A  .    Then  it  is  sufficient  that 

tfn  =  o(»"[»a(^;  p)]    3).  (6.25) 

In  particular,  if  p(6)g  Lip(a,  2),  0  <  a  <  -^  ,  then 

if,  on  the  other  hand,  1/2  <  a  <  1,  then  it  is  sufficient  that 


(6.26) 


■.-$■ 


(6.27) 


The  proof  follows  from  the  conditions  of  Table  II. 

Remark   6.4.    We  note  that  (6.27)  is  a  direct  generalization  of 
Tauber's  condition  for  power  series. 

Let  us  now  turn  to  some  estimates  for  the  partial  sums 

n 
k  =  0 

of  the  series 

oo 
fc  =  0 

Theorem   6.5.    Under  the  conditions  stated  in  Theorem  6.3 ,  if 


(6.28) 

then 

|*W(«*)|<C+|F(«*)|,       1—  '  =  -V  (6.29) 

To  prove  this  it  is  sufficient  to  reproduce  the  proof  of  Theorem 
6.3  with  o  replaced  by  0.    In  particular,  if 

c(62)  — a(01)>^(02  —  80,     O<01<02<2tt,     m  >  0, 
then  the  condition  that  gn  —  0\n~~*f  implies  (6.29),  with  1  -  r  = 
=  n"4/3;  if  o  (6)  £  4,  p  (0)  £  Lip  (~  ,  2 J  then  the  condition  that 

£n  =  0(— J  implies  (6.29)  with  1  -  r  =  1/n. 
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Theorem  6.5  is  to  a  certain  extent  an  analog  of  theorems  of 
Hardy  and  Littlewood*  and  of  Landau;**  for  instance,  if  at  60  =  0  and 

as  z  -**  1  -  0  we  have 

F(*)  =  0{j^),  (6-30) 

then  (6.29)  gives 

2_ 

KUJ'KCi+Ca/iAl*  (n=\,  2,  .  .  .).       (6.31) 

6.3.  We  now  consider  a  simple  theorem,  the  analog  of  Luzin's 
theorem  [1]  for  trigonometric  series. 

Theorem    6.6  .     1)  If  the  orthogonal  series 

2a»o  (6-32) 

converge  on  a  set  e  of  positive  measure  of  points  on  the  circumference 
|z|    =1,  then  the  limit     lim  gn  =  0    exists. 


2)   If  the  series  (6.32)  converges  absolutely  on  e,  then    2j  I  Sn  I 
converges.*** 

Assume  the  series  converges  for  the  points  z  =  eiQ,    6  g  e7;  we  then 
have 

n  ■>  oo 

If  we  assume  that  lim  |gw  |  >  0,  then  there  exists  a  subsequence {gni) 

n  •>  oo 
such  that  |  ^i  |  >  ^  >  0  (/  =  1 ,   2,  .  .  . );  hence  it  must  be  true  that 

lim  |<p     («*•)!  =  0,        ege'.  (6.33) 

2  ->  oo 

According  to  a  known  theorem  of  Egorov,  given  an  arbitrary  6  >  0, 
one  can  find  a  set  e"ce'  such  that  Mes  e"  >  Mes  e'  -  6  on  which  the 
convergence  of  (6.33)  is  uniform;  choosing  €  >  0  arbitrarily  small, 
we  have 


*  G.  Hardy  and  J.  Littlewood  [2], 

**  E.  Landau  [1],  Section  1,  Theorem  B. 

***  The  proof  we  present  is  that  of  Luzin,  generalized  appropriately. 
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1 
£e",         <>/0. 


^i0)'<£'     l^*?** 


From  (1.20)  we  obtain 

_    1      r  dQ  1       r  dQ  Mese"       (6.34) 

whence 

Mes  e'  —  8  <  Mes  e"  <  2Tre2c0,     8  +  27re2c0  >  Mes  e', 
which  is  impossible,  since    €  and  6  are  arbitrary. 

We  have  thus  proved  assertion  1).    Therefore  if   lim  \gn  |  >  0 

n  ->  oo 

the  series  (6.32)  diverges  almost  everywhere  on  the  circumference 

To  prove  2),  again  using  Egorov's  theorem,  we  have  uniform  conr 
vergence  of 

oo 
rc=0 

on  some  set     ecze'    such  that  Mes  e  >  Mes  e'-6,  with  F(0)^  0 
and  continuous  on  e.    Then  integrating  term  by  term  we  arrive  easily 
at 

oo 

2l*»|-    f\?n(^)\dB  =  fF(B)dQ.  (6.35) 

n=0  e  e 

Let  us  choose  €  >  0  to  satisfy  the  condition  e  <  l/^c0  and  27re2c0  + 
+  6  <  Mes  e'    and  let  e  =  e^     +  e^     such  that 

l<P»(«i8)|<e,     B£e\p\     |?w(^)|>8,     6ge<»)L 
Using  (6.34),  we  have  Mes  eo     <  27re2c0,  and  therefore 

Mes  e(in)  =  Mes  e  —  Mes  e{Qn)  >  Mes  e'  —  8  —  2tt£2^0  >  0. 
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Further, 
/  |  <p«  (^°)  |  ^  >   /  |  ?„  (^i9)  |  fl?6  >  e  Mes  e<»>  > 

e  o<"> 

>  s  (Mes  e'  —  o  —  2tzs2c0)  =  a  >  0, 
which,  with  (6.35),  implies 


^l\gn\<^fF^)d6<00. 


n  =  0  0 

Remark   6.5.    For  an  arbitrary  orthogonal  system  the  theorem 
was  proved  by  Placherel  and  by  Privalov  [2];  in  the  general  case,  one 
requires  that  (6.32)  converge  almost  everywhere  and  that  the  ortho- 
normal  system  be  uniformly   bounded  on  the  interval  or  ortho- 
gonality.   The  fact  that  these  restrictions  are  not  required  in  our  case 
makes  it  the  more  interesting. 

The  theorem  just  proved  can  be  greatly  generalized.    Consider  an 
infinite  sequence  of  point  functions  {f  n  (P)}   in  a  space  of  an  arbitrary 
number  of  dimensions.    We  will  say  that  this  sequence  possesses 
property   Lifon  any  subset   ecE    there  is  at  least  one  point  P0, 
such  that     tim  |  fn (P0)  |  >  0.   We  will  say  it  possesses  property   L* 

n->co 

if  there  exists  no  point  P0  at  which  at  least  one  infinite  subsequence 
If n{  (po)}      vanishes. 

Theorem   6.7  .    Consider  the  series 

2tfn/»(P).  (6-36) 

n  =  i 

1)  In  order  that  its  convergence  on  some  set  E  imply  the  existence 
of  the  limit    lim  gn  =  0,  it  is  sufficient  that  the  sequence  {fn(P)} 

w>oo 

possess  property  L  on  E  and  necessary  that  it  possess  property  L*. 

2)  In  order  that  the  absolute  convergence  of  the  series  (6.36)  on 

CO 

E  imply  the  convergence  of  the  numerical  series     2  \Sn\,  it  is  suffi- 

n  =  l 

cient  that  the  function  sequence  lfn(P)}  have  property  L  on  E,  and 
necessary  that  it  have  property  L*. 
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If  (6.36)  converges,  the  assumption  that   lim  |  gn  I  >  0  leads  to 

n>oo 
the  existence  of  a  subsequence    {fni  (P)}      sucn  tnat 

Hm/W.  (P)  =  0,     P££.  (6.37) 


i->oo 


In  view  of  property  L,  however,  there  exists  at  least  one  point  P0  such 

M/.(Po)l>o,  (638) 

and  this  contradicts  (6.37);  thus  the  sufficiency  in  assertion  1)  is  proved. 
Now  let  (6.36)  converge  absolutely: 

oo 

2lf»/,C)l<oo,      P£E.  (6-39) 

n  =  l 

In  view  of  property  L  of  the  function  sequence  and  the  properties  of 
the  lower  bound,  we  may  assert  that  for  every  e  >  0  there  exists  an 
n0  such  that  if  n  >  n0,  then 

|/»(Po)|>  llm|/,(Po)|— e=q>0: 

«->oo 

But  in  this  case  (6.39)  implies  that 


n  =  n„  oo 

and  this,  in  turn,  implies  the  convergence  of     2  \Sn\' 


If  tfn  (P)j    does  not  possess  property  L\  there  exists  a  point  Pa 
and  a  subsequence  of  functions  such  that  fn.  (P0)  =  0  (J,  =  1 ,2,  .  .  .)• 

oo  * 

But  then    2^ni  ^wi  (^o)    converges,  and  furthermore  absolutely,  for 

i  =  l 

arbitrary  coefficients     {  gn.  j;  this  proves  the  necessity  in  both  as- 
sertions 1)  and  2). 

Privalov  [2]  has  given  the  following  example:  Let  the  set  of 
functions  orthonormal  on  the  interval  [0,  1]  be 


j/2*.      *€*  =  [£•       ^k], 


{     0,  x£ek 
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Then    ^gkfk(x)  converges,  and  furthermore  absolutely,  throughout 

[0,  1]  for  any  arbitrary  coefficients.    From  this  Privalov  concludes  the 
necessity  of  the  uniform  boundedness  of  the  orthonormal  system  on  the 
entire  interval  of  orthogonality.   It  is  easy  to  see,  however,  that  in  this 
example  the  functions  do  not  possess  property  L' ,  for  at  every  point  x 
of  [0,  1],  either  one  function  fails  to  vanish  (if  x  £  l/2k),  or  two  (if 
x  =  l/2k).    All  the  remaining  functions  vanish. 


CHAPTER  VII 

THE  CONVERGENCE  OF  FOURIER- 
CHEBYSHEV  EXPANSION 

7.1.  By  the  well-known  Riesz- Fischer   theorem   to  every 
sequence  of  numbers  {gn}   such  that 

oo 

2kn|2<°°  (7  1) 

n  =  0 

there  corresponds  uniquely  a  function  /0  (6)  £  L\  for  which  these  num- 
bers are  the  Fourier- Cheby she v  coefficients 

2k 
oo  1  /»  

/o  (0)  -  ^  SM*  ('")•      Su=i~      /o  (6)  ?*  (*i0)  rfa  (G)  (7-2> 
*=°  o 

and  for  which  the  closure  condition 


j/siftl*= 

"         fc  =  0 


I/O  H2 

*  «  =  0 

is  fulfilled,  i.e, 


(7.3) 


"«'   minH/o(0)  — Grt(^)  ||3  —  0-  (7-4> 

N>«    Gn 

We  shall  consider  in  detail  the   case   for  which 

2k 

Jlno'(0)fl?G  >  — ex?  (7.5) 

and   thus   the   set   of  polynomials  {<Pn(eie)}  is   not 
Closed   in   L2. 

To  every  given  function  /(6)  £  Z,2  there  corresponds  a  uniquely 
determined  sequence  {gn}   of  its  Fourier- Chebyshev  coefficients 

119 
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«.  =  -5j//(»)M?I)*(B)    (»  =  0,1,2,...)        (7.6) 

0 

for  which,  in  view  of  BessePs  inequality, 

oo 

2l£j2<oo. 
n  =  0 

We  now  use  these  coefficients  to  construct  the  partial  sums 

n 

sn(fiz)=  2  **?*(*)       (»  =  0,  1,2,  ...)  (7.7) 

of  the  Fourier- Chebyshev  expansion  for  the  given  function,  and  then 
under  condition  (7.5),  as  described  in  6.2,  for  |z|  <  1    we  have 

CO 

"im  »» (/;  2)  =  2  &<p*  (?)  =  f  W.  <7-8) 

W->co  ft  =  0 

where  F(z)  is  an  analytic  function,  regular  for  |z  |  <  1.    Now  if  one  starts 
not  from  a  function  f(0),  but  from  a  sequence  {  gn}   of  complex  num- 

oo 

bers  such  that     2  I  Sn  I2  <C  °°»  t^en  one  ^irst  0Dtains  the  corresponding 

n=0 

well-defined  analytic  function  F(z)  of  (7.8).  Further,  according  to  the 
Riesz-Fischer  theorem  one  can  construct  a  function  /0(6)  £  ^J   with  the 
given  {gnl  for  coefficients  and  satisfying  the  closure  condition;  all 
other  functions  f  (e)  with  the  same  coefficients  are  given,  according  to 
(2.22),  by 


/(*)  =  /o  (9)  +  *o  (6)  «* V  (e%      p  (*)  6  //r  (7.9) 

Let  us  clarify  the  properties  of  f0(6),  its  relation  to  the  boundary 

CO 

values  of  F(z),  and  the  convergence  conditions  for  the  series  S  g^Wk  (i*9) 
in  terms  of  the  metrics  in  the  spaces  L^  and  C.  k=0 

We  define  the  subclass   MaLl  as  follows:     f(Q)£M    iff  (6) 
is  equivalent  to  boundary  values  <P(e1®)  of  some  analytic  function  <P(z) 


regular  for  |  z  |  <  1 ,  such  that  ^f\  £  //; 
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7.2.  We  first  consider  a  function  /(6)g  Ll- 

Theorem   7.1.  If  condition  (7. 5)  is  fulfilled,  and  if  the  closure  con- 
dition holds  for  /  (6)6  Ll  .then    /(8)£M;  further,    ~^£H2    and 

(P  (z)ss  F(z),  which  is  to  say  that  j (6)  is  equivalent  to  F  (ei0).*    From 
the  closure  condition  we  obtain 

27t 


»">  h  /"'l/W  —  s„(/;ei9)|2/>(fi)rf9  = 

2% 
=  lim    ifl/fil 

«™  She/    l«(^) 


5n(/;^'6) 


^0  =  0. 


Therefore  in  [0,  2 ir],  the  sequence  {— 
the  function/ (0)/7r(eie).** 
Now  we  have 


7C  (<?*9) 

converges  in  measure  to 


2u 


_L  f  *n  (/;  ^e) 

2ti  J         tc  {eft) 


2n 
0 


Setting 


ft=0  &=o 

sn  (/;  <?) 


*<*)     ' 


in  (5.81),  we  arrive  at  the  inequality 


2% 


kf<- 


sn  (re* 


n  (re™) 


d0</5,    r<\    (n  =  0,  1,  2  ...),(7.10) 


where  B  is  independent  of  r_  and  of  n. 


*  This  theorem  has  been  proved  by  V.  I.  Smirnov  [3]  for  absolutely  con- 
tinuous o(e);  it  is  also  contained  in  the  general  results  of  M. G. Krein 
[1]  and  G.  Ts.  Tumarkin  [1], 
**  See  I.  I.  Privalov  [1],  Introduction,  Section  1. 
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According  to  the  generalized  theorem  of  Khinchin  and  Ostrovskii* 

and  (7.8),  this  last  equation  means  that  the  sequence    f       f\    f    con- 
verges uniformly  for  |z|  <  1,  i.e., 

Hm  s-^P=,FJp-=,^{z)  (7.11) 

and  that  ^(z)  is  an  analytic  function  regular  for  |z|  <  1.  If  in  the  in- 
equality 

2rt 

2tc  J    I     ic(r^'8)        "u<>^>      r<.i,  (/.12) 

o 
we  fix  r_  and  go  to  the  limit  n -*■«>,  we  obtain 

*}(Z)£H2,  \Z\<\.  (7.13) 

Now  furthermore,  by  the  same  theorem,  the  function  f  (e)/fl"(eie) 

(5     (/•  £*0)) 

to  which  <       /\-8\    f  converges  in  measure  on  [0,  2ir]  must  be  equiva- 
lent to  the  boundary  values  ^(eie)  =  F(ei0)/7r(eie);  hence  if  (7.3)  holds 
for  /(0)£  Ll    it  follows  that  /(G) £  MczLl    and  that  the  function 
f  (6)  is  equivalent  to  F(eie). 

Remark   7.1.    From  the  theorem  we  have  just  proved  it  follows 
that  the  closure  condition  can  be  fulfilled  for  at    least   one   function 
/(0)  £  Z,2>    f(Q)![M     only  if  the  set  of  polynomials  is  closed  in  ]_% ,  and 
this  explains  the  role  of  the  particular  function  ^0(G)  =  e"1^  in  studying 
closure  and  the  equivalence  of  conditions  a)  and  b)  in  2.1. 

Theorem    7.2.    The  assertion  of  the  preceding  theorem  is  valid 
if  the  closure  condition  for  /(0)£  L*2  is  replaced  by  the  condition  that 
its  Fourier- Chebyshev  expansion  converges  to  it  in  measure  on  a  set 
ecz[0,  2tc]    of  positive  measure. 

Indeed,  under  this  condition  the  sequence    i  n ^  '  Q  -i ,   satisfying 

(7.10),  converges  in  measure  on  a  set  of  positive  measure  to  the  func- 
tion j (e)Ar(ei6).    Then  again  using  the  Khinchin-Ostrovskii  theorem.it 


See  I.  I.  Privalov  [1],  Chapter  II,  Section  7, 
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is  easily  shown  that  the  assertion  holds.    This  implies  that  under  con- 
dition (7.5)  the  Fourier- Chebyshev  expansion  of  a  function  /(G)  £  Ll, 
/(6)£  M       diverges  almost  everywhere  [0,  27r],  and  further,  that  if 
the  Fourier- Chebyshev  expansion  of  a  function  /(9)£  L\  converges  to 
zero  on  some  set  ec[0,  27r],  then  Mese  =  0  or  Mese  =  2ir.    Indeed, 
if  Mese  >  0,  then  as  a  consequence  of  Theorem  7.2  the  function f  (6) 
is  equivalent  to  a  boundary  function  <P  (e1®)  vanishing  on  a  set  of  posi- 
tive measure,  in  which  case  </>  (z)  =  0,  so  that  <p  (eie)  =  0  almost  every- 
where in  [0,  2tt]. 

Theorem    7.3.    Assume  (7.5)  to  be  fulfilled,  and  let  do(e)  = 
=  p(e)  de  +  do1(6).   If  two  functions   flt  /2$^2    differ  from  each 
other  only  on  the  set  E*  of  points  of  increase  of  o1(0),  then  for  |z|  <  1 
we  have  identically 

F1(z)^F2(z).  (7#14) 

To  prove  this,  recall  that 

^-*  =  2j/(A(6)-/2(9))^)rfM9). 

E' 

whence 

sn(fi>  z)  —  sn{h\  z)  = 

^^/l{fi0)—f20)}Kn(z,e^)dol(B)t  \z\<\.    (7.15) 

E' 

Now  from  (1.7) 

so  that  if  |z|  <  r  <  1,  we  obtain 

sn(fv  *)  —  «»(&  *)<  i^yWA-Ml  ■  WfAe^WV- 
Equation  (2.23)  implies  that 

$n(fv  *)  —  *»(A;  z)\<Yzr-r\<?*n(z)\>     |*|<r<l,     (7.16) 
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where  C  is  independent  of  both  r_  and  n;  then  fixing  r_  and  going  into 
the  limit  as  n  -*oo  ,  we  arrive  at  (7.14). 

Thus  by  changing  the  values  of  a  function   /(6)^  L\  on  E1,  we 
change  its  Fourier- Chebyshev  coefficients,  yet  F(z)  remains  unchanged. 

Theorem    7.4.    If  (7.5)  is  fulfilled  and    /(8)£  AT,  then  the 
closure  equation  holds  for  this  function. 

Let  us  find  the  Fourier- Chebyshev  coefficients  {  gn}  of  j (0)  and 
use  the  Riesz- Fischer  theorem  to  construct  the  function  fQ(^)^Ll 
with  the  same  coefficients,  the  closure  condition  holding  for  this  latter 
function.    According  to  Theorem  7.1      /0(6)(:  M,  so  thatf  (e)  -f  0(6) 
is  a  function  of  class  M  with  all  of  its  Fourier- Chebyshev  coefficients 
vanishing.    Consequently,  according  to  (2.22)  the  function 

/(B)-/,(B),        ,,    (tt) 

must  be  equivalent  to  the  boundary  value  ^(e1^)  of  some  analytic 
function     <|>(<z)£  H2,  so  that  for  |z*  |  >  1,  we  may  write 

2k 


j_  f  fx  (gg)  rf9 


2 

0 

Setting  z*  =  l/z,  |z|  <  1,  C  =  e1© ,  we  find  that 

z 

2n 

..,*    f  H>(^9)rf6  __  1        /*  p,  (Q  rfC 

27.J  i— ^-«—    z2u/  y   C— *  ~~ 

o  K(  =  i 

throughout  the  region  |z|  <  1.    Then  since   fJ-Cz)£  ^2>  we  nave 

and  therefore  #  (z)  =  u  (z)  =  0  and      f  (e)=  f0(O). 

Remark   7.2.      A  consequence  of  Theorem  7.4  is  that  a  func- 
tion of  the  form  eim07r(eie),  where  mis  a  positive  integer,  satisfies  the 
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closure  condition;  exactly  similarly,  if  $(z)  is  a  function  regular  in  the 
closed  region  |z|  <  1,  then  $(eie)  satisfies  the  closure  condition.*  Fur- 
ther, we  have  the  following 

Theorem    7.5 .      If  the  Fourier- Chebyshev  expansion  for  a  func- 
tion    /(6)£  L\  converges  on  a  set    ec[0,  2tt]   of  positive  measure, 
the  condition  of  closure  holds  for  this  function  (i.e.,  convergence  in  the 
metric  Cone,  for  Mese  >  0,  implies  convergence  in  the  metric  L2). 

Indeed,  if  condition  (7.5)  is  satisfied,  the  theorem  follows  from 
Theorems  7.4  and  7.2;  if  it  is  not  satisfied,  the  closure  condition  holds 
for  every  function     /(G)  £  Lf2. 

7.3.    We  will  now  proceed  on  the  basis  of  a  given  sequence  {gnl 
of  coefficients  or  of  a  given  function  F(z). 

Theorem    7.6.  Given  a  sequence  of  complex  numbers  {gnj 
such  that  ^ 

2j|#nl2<°0> 

it  follows  that  all  functions  /(6)  £  L2  for  which  these  numbers  will 
serve  as  Fourier- Chebyshev  coefficients  are  of  the  form,  under  condi- 
tion (7.5), 


/W=/o(O)  +  r\(0)K^)=/oW  +  ?(8). 

where  u(z)  is  an  arbitrary  function  of  class  H2  and  fQ(0),  the  only  one 
of  all  functions  with  the  given  coefficients  for  which  the  closure  con- 
dition is  satisfied  and  which  belongs  to  class  M,  is  given  by  the  Riesz- 
Fischer  theorem  and  is  equivalent  to  a  function  F(e1^)  where  F(z)  is 
given  by  (7.8);  further 

lim  min  ||/(8)  —  G„(e«)  ||I  = 

YnJ  l/(°)  I2  <M0)  —  SlS.P-O^llr     (7'17) 

o  n  =  0 


*  For  absolutely  continuous   o(o),  the  first  assertion  was  proved  by  V. 
I.  Smirnov  [3],  and  the  second  by  G.  Szego  [5],  Theorem  34. 
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To  prove  (7.17)  we  need  only  remark  that 

2re  2rt 

2i" 


so  that 

2*  2%  2n 

l/|/(6)|^a(8)=I/|/0(6)|^a(())  +  i.  j*|  <p(9)|«rf,(9> 

0  0 

=Si^i2+^/iiA(^)i2^- 


n  =  0 


Theorem    7.6'.    Under  condition  (7.5)  let  there  be  an  analytic 
function  F(z)  regular  for  |z  |  <  1,  such  that  ,   g  //2«    Complement- 

ing its  boundary  values  F(e1^)  in  an  arbitrary  way  on  E\  we  obtain  an 
infinite  number  of  functions  /(9)£  M,  for  each  of  which  the  closure  con- 
dition is  satisfied.  These  functions  have  different  sequences  of  Fourier- 
Chebyshev  coefficients,  but  any  two  sequences  {gnXv  ,  {  gn  }   are  re- 
lated by 


2  gn\n  (■*)  =  2  gnfn  (*)  =  F  (*),      \Z  |<  1 .  (7.18) 

w  =  0  n=o 

To  prove  this  we  note  that  F(z)  has  radial  boundary  values 
F(eiQ)=  lim   F  (re1*) 

r->l-0 

almost  everywhere  on  the  circumference  |z|  =  1.    In  calculating  in- 
tegrals involving  a  function  equivalent  to  F(eie),  we  break  up  each  in- 
tegral into  two  parts,  namely,  a  Lebesgue  integral  over  E,  and  a  Lebes- 
gue-Stieltjes  integral  over  E*.  To  carry  out  the  first  integration  it  is 
sufficient  to  know  the  values  of  F(ei&)  almost  everywhere  on  [0,  2ir], 
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but  the  second  requires  assigning  values  to  the  function  on  E';  in  the  se- 
quel, when  examining  in  more  detail  the  convergence  of  the  Fourier- 
Chebyshev  process  for  /(0),  a  function  equivalent  to  the  boundary 

values  F(e    )  we  may  set  for  example  /  (6)-0  for    0  £  E' '. 

For  the  special  case  in  which  o(e)  is  absolutely  continuous,  the 
{gn}  coefficients  can  be  found  from  the  boundary  values  of  F(z).* 

As  an  illustration,  consider  a  function  7r(z)  satisfying  the  condi- 
tions of  Theorem  7.6.    If  we  proceed  on  the  basis  of  this  function,  to 
find  the  Fourier- Chebyshev  coefficients  of  a  function  f(e)  equivalent 
to  7r(e10)  is  not  a  well-defined  problem,  for  they  depend  on  the  values 
we  assign  to  our  function  on  E*.    But  we  have  defined  tt(z)  by  going  to 
the  limit 

oo 

*(s)  =  lim  <Pn(2)  =  ~  51  <P*(0)<Pft(*).      M  <  1. 
Co 

which  means  that  we  know  its  Fourier- Chebyshev  coefficients   [gn  = 
=  —  <?n  (0)f    •  BY  constructing  7r0(e),  defined  by  7r0(e)  =  7r  (ei©)yE(e), 
we  find  that  it  has  just  these  coefficients,  as  was  shown  in  2,1. 

7.4.    Let  us  now  consider  a  special  case  of  Theorem  7.5. 

Theorem   7.7.    Assume  the  existence  of  the  integral  (7.5),  and 
let  a  function     /(6)(-  Ll   coincide  on  [0,  27r]  with  the  boundary  values 
of  a  function ^(z),  meromorphic  for  |z|  <  1  and  continuous  in  the 
closed  region  |z|  <  1,  except  for  the  poles 

av  a2,  . . .,  as,     \ak\<  1. 

Then 

lim  min  ||/(8)  —  Ow(^)||J=  \\H(e*«)U  (7.19) 


•  See  V.  I.  Smirnov  [3], 
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where  H(z)  is  the  principal  part  of  fi(z)/ir(z),  i.e. 

"(*)=2Mf^tJ'  ^©=s«n--    (7-2o) 

We  have 


fc  =  l 


r=l 


ft  =  0  fc  =  0 

and  note  that  according  to  Theorem  7.1  the  condition  of  closure  is  not 
fulfilled  for  f(Q).    According  to  Theorem  7.6  we  may  write 


/(6)  =  F  (e*i)  +  e~*)x  («<•)  tt0  (6)  =  fx  (*«), 

oo 
fc  =  0 


(7.21) 


Further,  (7.17)  states  that 


lim  min  11/(6)  — Gn(e<fl)||S  = 

n  ->  oo  (? 


/I" 
5i/l/(fl)N«(8)-S  |S*|2=  |IK«")II.- 
0  fc  =  0 

Now  using  (7.21)  we  can  find  the  boundary  values  for   t1  (z)  6  ^2>   and 
then  from  them  we  can  find  u(z)  itself. 


Let 


/i<*) 


«-w 


//(*)+/*(*), 


(7.22) 


where  R(z)  is  the  regular  part  of  f1(z)/7r(z),  continuous  in  |z|  <  1. 
We  have 

&  =  1  A:  =  l  H 

(7.23) 
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where  the  rational  function 


h(z)  = 


VI    Y 


f^  ***  (1  —  akz)r 
is  regular  in  the  region  |z|  <  1. 

From  (7.21),  using  (7.22)  and  (7.23),  we  obtain 

t^  —  R  (^0)  =  e-  <e  \h{e^)  —  K?9)} ; 

since  the  left  side  is  the  boundary  value  of  some  function  of  class  H2, 
we  may  reproduce  the  arguments  used  in  proving  Theorem  7.4  to  obtain 

A(z)mi*(z),        M<i; 
11(1(^)112=  ||  h  («*0||,=  ||  /*(«*•)  ||,. 

For  the  special  case  in  which ^(z)  =  z"m,  where  m  is  a  positive 
integer,  the  theorem  has  been  proved  by  Kolmogorov  [1,  2]  by  the 
theory  of  stationary  random  sequences. 


Expanding  In  p(G)  in  a  Fourier  series 

fc  =  0 

we  find,  from  (2.6),  that 


CO 

lnp(6)  —  2(flftcos^0  +  *fcsin/8e),     a0  =  ij  ln/?(0)c?9,  (7#24) 


ft  =  0  A;  =  0 

so  that 

i    °° 

*r"mD(z)  =  *-»**    .  e    *-*  (7.25) 

We  now  introduce  the  notation 

[  CO  \  CO 

exp  {-j  ^  c^  |  =  !  +  2  r*^'  (7-26) 


fc-1 
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in  terms  of  which 


»<*>=«■  {i+^-K-.+^+r.} 


which  leads  to  Kolmogorov's  result 
lim    min  ||e-«  —  Gn(eiQ)\\l  = 

n->oo  (? 


/ «  f  ?  ] 

l/     l+2l^|2'eXP^/ln^^rf0|- 

7.  _  1  n 


(7.27) 


ft=l 


Another  interesting  special  case  is  that  for  which 

fi(z)  =  JZTa'      \a\<l*  7.28) 

For  this  case  we  have 

-(a)(l  —  az)  |z(ct)[V  l— |a|2 


whence 
lim   min 

n  ->  oo    C 


^■9_ 


-Gn(e< 


|a|<l. 


|-(a)|V"l-|a 

(7.29) 

7.5.    So  far  we  have  been  considering  the  Fourier- Chebyshev 
expansion 

CO 


ft=0 


of  the  given  function  discussing  convergence  in  the  metric  of  L2 ;  let  us 
now  turn  to  convergence  in  the  metric  of  the  space  C. 

We  start  with  the  simplest  case. 

Theorem    7.8.     Letf(z)  be  a  function  regular  for  |z  |  <  r,  r  >  1, 
and  assume  that  on  the  circumference  |z|    =  r  there  exist  singular  points 
of  f(z).    Then  under  condition  (6.3)  the  Fourier- Chebyshev  expansion  of 
f  (z)  converges  absolutely  for  |z|  <  r  and  uniformly  for  |z|  <  it  <  r, 
while  for  |z|  >  r  the  series  diverges.* 


*  This  theory  has  been  proved  by  Szego[5]  on  the  assumption  that  o(e) 
is  absolutely  continuous  and  the  integral  of  (7.5)  exists. 


CONVERGENCE  OF  FOURIER- CHEBYSHEV  EXPANSION  131 

We  have 

2* 

g»=if  V(eiB) — °"-' (f?i8))  *&*>  d° (9)> 

o 

We  choose  as  Gn.1(z)  the  polynomial  which  gives  the  best  approxima- 
tion to  f(z)  for  | z  |  <  ix\  then,  as  is  well  known, 

\f^)-Gn^(z)\<-£rl,     \z\<ri;     \gn\<^ 
ri  ri 

Since  rx  can  be  chosen  arbitrarily  close  to  r_,  we  have 

w  ->■  oo  ' 

and  then  by  the  Theorem  6.2  our  assertion  is  proved. 

Let  us  now  pass  to  the  general  case  in  which  f  (z)  is  regular  only 
for  | z  |  <  1.  We  will  assume  that  the  integral  of  (7.5)  exists  and  will 
treat  (in  agreement  with  the  consequences  of  Theorem  7.2)  only  func- 
tions of  the  class  M. 

We  derive  some  auxiliary  formulas  from  which  we  can  evaluate  the 
remainder  of  the  Fourier- Chebyshev  expansion  for  the  given  function. 

For  the  integrals  of  (7.6)  to  exist,  it  is  sufficient  that  /(0)£  Ll , 
and  then  according  to  Theorem  7.2  the  necessary  condition  for  the  Four- 
ier-Chebyshev  expansion  of  the  function/ (6)  to  converge  on  a  set  of 
positive  measure  in  that  it  belong  to  the  subclass  M.    In  the  special 
case  in  which  the  entire  orthonormal  set  is  uniformly  bounded  on  the 
entire  circumference,  the  sufficient  condition  for  the  existence  of  the 
integrals  in  (7.6)  is  that  /(6)  £  L\. 

If  f  (z)  is  an  analytic  function  regular  in  |z|  <  1  and  having  radial 
boundary  values  almost  everywhere  on  the  circumference  |z|  =  l.then 
we  write,  in  analogy  with  (2.7), 

/o(0)=/(«<o)T^(e)- 
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Theorem   7.9.    Let   f  (z)  £  H1  and  assume  that  for  |h  |  <  e 

||/o(8  +  *)B<^*.  (7.30) 

where  A  is  independent  of  h;  let  o(e)  be  absolutely  continuous  on 
[a,  3],  with  p(e)  <  M,  and  letf  (ei©)  be  continuous  with  modulus  of 
continuity  cj(6;f ).    Then  in  the  interior  of  [a,  3]  we  have** 

|  /(«*)  -  sn  (/;  **)  |  <  C&X  +  QiB<o?  (i  ;  /0)  + 

(7,o0  ) 

4-  C3^ln/za)(i;/),     (n=l,  2,  . . .), 

where  do0(e)  =  p(6)de, 

I  ?»(**•)  I O*.     («  =  0,    1,   2,  ...),   a<8<(3,       (7.30") 

with  {/inJ   2t  nondecreasing  sequence. 

We  have 

n  n  2lt 

*«  (/;  ^i9»)=2  &<p*(«i9°)=2  ?*  («*)  •  i/  /o(9)<p*(eie)  *>(8)= 

ft=0  ft  =  0  0 

2tc 

=  sr//o(9)^(«i9».  «i0)^(8)- 

o 

Let  us  construct  the  Jackson  sum  Uy  (0)  of  (3.1)  for  f0(O);    *n  tne  Pre" 
sent  case  these  are  polynomials  of  degree  r_  in  e1^ ,  where  r  =  2v—  2<  n 
is  the  largest  even  number  no  greater  than  n.    Since 

2tc 

"v  (9«)  =  is-  /  «,  (6)  *»  («i,J.  «")  ^  (6),         a  <  «. 

0 

we  have 

2tc 

5n  (/;  **«.)  —  u,  (0O)  =  ^f{fo  (6)  -  «v  (9)}  Kn  (e*\  e*)  da  (8). 


/<*) 


*  This  condition  guarantees  that  -^r\  €  #2- 

**  Here  Clf  C2,  C3,  .  .  .  and  in  the  sequel  B,  D,  E,  ....  are  independent 
of  both  n  and  e0. 
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Using  (4.42)  with  a+2e<e0<3-2€,we  obtain 

2% 

f(e^)  —  U,(B0)  =  -Lf  (/o(6o)-«v(0o))  Kn{ew-,  e™)do(Q) 

0 

and  finally  2k 

$n (/;  ^ ) —/(«*)  =  ^fllr (9) - Tr (9o)}  Kn (•*,  gU) do (6), 

0 

(7.31) 
Tr(?")=/o(?)-"v(?),     a+2e<e0<p  — 2e. 
We  now  write  da  (6)  =  rfa0(6)+ flfo1(8)  =  /7(0)rf8'4-rfa1(8)  and  break 
up  the  integral  in  (7.31)  into  two  integrals  Ix  and  I2,  and  start  by  con- 
sidering the  first.    Since  |©-  e0|  >  2e  for    6  £  [a,   p],  we  have 

I  K    (*H    ,«1 1  <T  2  !  T.(^)t»(**,)I    <  ^nhn(e^\ 
\Kn(e     ,   OK— |e«,_e„|  <      ^~  ■ 

and  therefore 

2tc 

|/2|<i/  lTr(9)-Tr(flo)|-|^(«i()»>  «")|*i(»)< 

0 
<  S-^V  II  Tr(9)-Tr(9o)  II  I'll  ?„(«")  H*'<ifnT  {llTr(6)ll?  + 

+  lTr(9o)|-^}-!l?«(«i9)ll2"- 
From  (3.6),  (5.31),  and  (7.30)  we  have 

llTr(9)ll2'=ll/o(9)-«v(e)ir2'<Cu)«.(i;/0)< 

<C   sup   ||/0(6  +  A)_ /0(0)||°'<2/1C,      (7311) 

I  Tr  (8„)  I  =  I  /o  (»o)  -  »v  (90)  I  <  C,«  (i ;  /) , 
a+2s<60<p  — 2e, 
and  thus,  according  to  (2.23),  we  obtain 

|/2|<^o„{2^  +  ClW(i;/)}<C"1V7,1.         <7-32> 
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To  calculate  the  first  integral,  in  which  doo(0)  =  p(e)de,  we  introduce 
the  intermediate  points 


o<a+£<e0-l<o0+I<p— 8<27t, 


as  we  did  in  5.5,  breaking  up  the  integral  into  five  integrals  i1§  .  .  .  ,  i5 
and  evaluating  each  of  these. 

Since  |e  -  60|  ^  €  for  0  <  9  <  a  +   e,  we  can  use  (5.31)  and  (3.6) 
to  obtain 


&f   hr(Q)-tr(%))Kn(ei\  e»)p{%)M 


< 


<—LT-^^f   !lTr(6)l  +  lTr(8o)| }  •■!?»(«*•)  K«o(B)< 


2sinT 


< 


V-n 


lrm°z+Ur(%)\Vco}< 


sin 


<  n„  {  B^  (1  ;  /„)  +  fl'co  (1 ;  /)  }  ;  (7.33) 


a  similar  result  obtains  for  u 


Further,  according  to  (5.31) 

-  f 


«9       = 


2it 


<D[x>(l;/)ln/t; 

a  similar  result  obtains  for  i4. 

Finally,  ifa+e<G^3-e,we  have  the  inequality 

I  Kn  («*,  ««)  |  <  (»  +  1)  |i«,        a+  2e  <  80  <  3  —  2e, 


(7.34) 


CONVERGENCE  OF  FOURIER- CHEBYS HE V  EXPANSION        135 


from  which  we  find  for  i3  that 

e0+- 

n 


h\  = 


2u      J 


< 


2     (n  +  l)K 

n  '        2k 


2Ca,(I;/)<^>(I,/). 

(7.35) 


Combining  (7.32)  -  (7.35),  we  obtain  (7.30*). 

Remark   7.3.    If  o(0)  is  absolutely  continuous  on  [0,  27r],  one 
may  write  Cj  =  0  in  (7.30*)  and  replace  condition  (7.30)  by  the  condi- 
tion      \2 1  £  H2.    If  on  [0,  2tt]  the  function  o(e)  is  absolutely  continu- 
ous and  p(6)  <  M,  then  <d?(^  /)  in  (7.30*)  may  be  replaced  byu2(S'f ) 
since  u$(d;f )  <  VM<J2(6;;f ),    Finally,  if  on  [0,  2tt]  the  function  o(e) 
is  absolutely  continuous,  p(e)  ^  M,  and  the  orthonormal  set  is  uniformly 
bounded  (i.e.,  if  |<?n(ei0)|<  C),  then  in  the  interior  of  [a,  3]  we  ob- 
tain 

Wif.  «*)  —  /(^)|<Ci<»i(i;/)  +  Cj«»(l;/)lnii,  (7.36) 

and  in  this  case  it  is  no  longer  necessary  that       \  \  £  //2*  To  prove  the 

last  assertion  we  need  only  change  the  estimates  for  ij  and  i5.  Instead 
of  (7.33)  we  obtain 


IM<— LT-2C«5  /"    {lTr(0)|  +  lTr(Oo)l}rfO< 
2  sin  ^-  J 

<^{llTr(0)lli  +  lTr(Oo)l}<C1co1(I;/)  +  C8«)(i;/). 

sin  -^-  \  /  \  / 

7,6.  Let  us  now  write f  (z)  =  7r(z)  in  (7.9),  and  therefore 

1  1 

Theorem    7.10.      Let     j  ^Ll    and  let  Q>  <^  Mv 

0  £  Eh.      Let  o(e)  be  absolutely  continuous  on  [a,  3],  and  p(e)  >  m  >  0 
be  continuous  on  the  same  interval.  Then  in  the  interior  of  [a, 3]  we  have* 


*  Here  Clf  C2,  C3  are  constants  independent  of  both  n  and  e0. 
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|  cp*n  (<*)  -  *  («*)  |  <  C^n  +  C^X  +  C#l  1  n  iioi  (I ;  «)  . 

(7.37) 

If  o(6)  is  absolutely  continuous  on  the  entire  interval  [0,  2tt]  the  con- 


dition 


^Aflt  Q£Eh  may  be  dropped  and  one  may  write  Cj  =  0? 


Po  (8) 
Rewriting  (7.30*)  for  this  case,  we  have 

+  ClV.2n  In  «•(!;  «). 


From  (3.8)  and  (2.8),  we  find  that 


(!;«)=?  suPi 


*»<-*- 


m(^(8  +  W)_  „  (^9) 


—  8', 


^^ 


82. 


+ 


a  +  a0    n 

In  view  of  the  inequality 
I  <P*n  («*)  —  *  («ie°)  |  <  |  **■  f*n  («*)  —  *  (« «■) 

+  C3^ln»«,(l;  .KJ  +  .-i-^, 
we  arrive  at  (7.37). 

Thus  for  the  validity  of  the  limit  relation    lim  cp*  (e^)  =  iz(e  °°) 

n  ->oo 

or  the  asymptotic  formula  <pn  (£i9)  2^  £*n07r  (£ie)  it  is  sufficient  that  the 
following  three  conditions  be  simultaneously  fulfilled: 


*  If  o(e)  is  absolutely  continuous  throughout  [02,  2ir],  then  (3.9)  im- 
plies that  <^  <126n,   from  which  it  is  clear  that  we  may  write  Cx  =  0. 
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1.     lim  8'„  = 
lim      sup 

|ftKt 

:0,    i.e., 

=    lim       sup 

w->oo         . 

2 

L 

IM< 


^(6  +  ^-/7(6) 
/>(9) 


=  0; 


in  particular,  this  is  true  under  any  one  of  the  conditions  of  Table  1. 

2.  jj^  =  C  (n  =  0,  1,  2,  .  .  .),  which  means  that  the  orthonormal 
system  must  be  uniformly  bounded  on  [a,  3];  in  particular,  this  is 
true  under  any  one  of  conditions  V-VII  of  Table  III. 

3.  lim  J  u)  (8;  tz)  In  —  }  =  0;   Theorem  4.7  can  be  used  to  write 

cj(<5;  7r)  in  terms  of  (J (6;  p)  as  is  done,  for  instance,  in  the  proof  of 
Theorem  4.8. 

We  have  thus  obtained  conditions  V-IX  of  Table  V.    To  derive 
condition  X  let  us  first  consider  the  polynomials  {y  n(z)}  orthonormal 
with  respect  to  the  measure  do0(e)  =  p(6)  de.    In  view  of  condition 
VII  of  Table  II  these  polynomials  are  uniformly  bounded  on  the  entire 
circumference.   We  obtain  the  same  tt(z)  function  for  the  two  orthog- 
onal   sets  {  <Pn(z)}   and  {  yn(z)},  since  it  depends  only  on  p(e)  as  is 
clear  from  (2.5).    Therefore  as  a  result  of  condition  I  of  Table  I  and 
(7.37),  if  a  +  2e  <  0O<  3  -  2e,  then 

|TC(gi90)_T*(gi90)|<    fr   +        Q        <C6(ln7t)1-\ 
1  n  '       y  n         (In  ny   L 

T„(z)  =  p„*»+..., 

where,  according  to  (2.9')»     Hm  $a  =    lim  an  =  a.    On  the  other 

n  ->co  n  •>  co 

hand,  we  may  write  in  analogy  with  (4.24*), 


0 

TC-1 


Tn  (*o)  Tf/i  (*)  -  Tn  (*o)  Tn  (*) 


fe-0 


1  —  z0z 
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Fora+2e<e0<  3  -  2e  and  6  £  [a,  p],  we  clearly  have  |e-e0|^  2e, 
from  which  we  obtain 

I  9n  («i9»)  -  g-  T.  (*i9°)  I  <C|I  ?» (*i9)ll?  <  CA- 

Consequently  we  arrive  at  the  inequality 
I  *;  (*i9°)  -  *  («i9°)  I  <  I  ?;  (*i9»)  -  x1  f„  (ei9°)  I  + 

+  (l-^)|T;(^)|+|fn(^)-^(^)|<C18w  + 

+  C6(ln«)1-T  +  C7^  +  C8^2<cX  +  C2(lnAz)1^, 
since,  according  to  (2.8),  we  have  2 


i _«n  _  (a  —  an)  —  («  —  Pn)    ^   a  +  ao       g  +  ftp 

Pn  ~~  Pn  ^  Po 

7.7.  By  the  same  means  as  we  used  to  derive  (7.30*),  we  can  derive 
several  other  estimates  which  are  of  interest  in  their  own  right,  namely 
an  estimate  of  the  Lebesgue  constants  of  the  Fourier- Chebyshev  process 
and  an  estimate  for  the  partial  sums. 

Theorem   7.11.      Let  o(e)  satisfy  the  condition  of  Theorem 
7.9.    Then  we  obtain  the  following  estimates:  1)  a  local  estimate  for  the 
Lebesgue  constants  of  the  Fourier -Chebyshev  process  is 

In  (So)  =^J'\Kn  (e>\  e*»)  |  da  (6)  <  <>*  In  n, 

0 

a  +  e<e0<p  — e; 
2)  if  /(8)£  L\  is  bounded  on  [a,  fl],  a  local  estimate  for  the  partial 
sums  of  its  Fourier- Chebyshev  expansion  is 

\sn(f;  e*)\4.Cjfin\nn,       a  +  7]<  60<  f>  —  tj.       (7.38*) 

In  particular,  if  the  orthonormal  set  is  uniformly  bounded  on  [a, 6] 
(for  instance,  under  conditions  V-VII  of  Table  III),  we  obtain* 


(7.38) 


*  In  this  particular  case,  as  has  been  shown  by  V.  F.  Nikolaev  [1],  the 
rate  of  increase  of  the  Lebesgue  constants  is  slowest;  the  bound  for  the 
partial  sums  is  a  local  form  and  a  generalization  to  orthogonal  series  of 
the  corresponding  bound  for  power  series. 
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Ln(%)<C3\nn,     \sn(f;  «**>) |< C4 In »,     a  +  T)<  0O<  p  —  ij. 

(7.38") 
To  prove  2)  we  must  study  the  integral  in  (7.31). 

The  estimate  (7.30')  of  the  remainder  was  derived  by  approximat- 
ing/(e1©)  by  its  Jackson  sum  (3.1);  let  us  now  derive  another  estimate 
for  the  remainder  by  using  the  function 


f  m  .■_/o(Q)-/o(0o)  (7.39) 

JlK)~~     eiB—eiB°     ' 

According  to  (7.1)  we  may  write 

2u 

s„  (/!  ei9») — /„  (60)  =  J-  f  {/„  (6)  -  /„  (9,,)}  Kn  <«*,  e<«)  rfa  (6)  = 


In  the  notation  of  (4.33),  we  find,  in  analogy  with  (4.45), 

sn  (/;  «i9«)  -/« (80)  =  an<p;  (*'»•)  —  ««*„?, («*), 
and  this  leads  to 


)  (7.- 


Now  using  (7.3,0t),  (7.36),  and  (7.40),  the  estimate  (7.38)  for  the 
Lebesgue  constants,  and  the  estimates  for  the  un  obtained  in  Chapter 
IV,  it  is  a  simple  matter  to  find  the  sufficient  conditions  for  the  con- 
vergence of  the  Fourier -Chebyshev  expansion  for  a  function  of  class 
M. 

In  Table  VI  we  give  the  sufficient  conditions  for  the  uniform  con- 
vergence of  such  an  expansion  of  the  entire   circumference 
|z|  =  1,  assuming  thatf(z)  is  conti  nuo us   in   the  closed   region 
|z|  <  1  and  thus  has  radial  boundary  values  on  the  entire  circumference. 
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Condition  I  is  a  consequence  of  the  inequality 

K(/;*ie')-/(e,9»)l< 
1 


<2* 


/  I  Tr  (6)  —  Tr  (80)  I  •  I  Kn  (e<\  «<•)  |  da  (6)  < 

0 

<  {|lTr(?)li;+lTrWlV^}  VKn(e'\  «*)< 

<  2Ct«.  (1 ;  /) /C(»+l) <  C2 1/n  u,  (i- ;  /) ,     (7.41) 

which,  in  turn,  is  a  consequence  of  (7.32),  (3.30),  and  (5.31).   Further, 
we  have  the  inequality 

0 

=  2C«(1:  /)^(eo)<CllA>(I;  /)ln«,  (7'42) 

which  is  obtained  from  the  estimate  (7.38)  for  the  Lebesgue  constants. 
Under  condition  III  it  follows  from  condition  V  of  Table  II  that 

|»»C/;  ^9")-/(^)|<Ca)(l;  /)<(i;  p) ii Inn, 
(r=l,      ok      r  =  2), 

and  in  view  of  the  requirements  placed  on  j  (e*0)  and  p(6),  we  have 

Under  condition  II,  fin  =  C,  and  then  according  to  (7.42)  it  is  sufficient 
that  the  boundary  value  f  (e*e)  satisfy  the  Dini  condition.   Condition 
IV  and  its  special  case  condition  V  can  be  obtained  from  (7.42)  and 
condition  XII  of  Table  II. 

7.8.   Let  us  now  turn  to  Table  VII,  in  which  we  tabulate  suffi- 
cient  conditions   for   convergence   in   the   interior  of 
an   arc   [eia,  e"*].    It  is  assumed  that  f(z)  £  M  is  continuous   in 
the   sector   0  <  |  z  |  <  1 ,  a  <  arg  z  <  3 ,  and  thus  has  radial  boundary 
values  at  all  points  of  [e*a,  e^]. 

Under  condition  II  the  entire  orthonormal  set  is  uniformly  bounded 
throughout  [0,27r],  and  therefore  using  (7. 36iwe  have 
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I  sn  (/;  e*)  -f(e^)  |  <  C^  («;/)  +  Qc  (1 ;  /)  In  n,  1    (? ^ 

«+^<80<  ?  —  ■»».  I 

In  this  case/ (z)  may  be  in  class  Hx  rather  than  H2,  as  in  the  general 
case. 

When  conditions  XI- XIII  of  Table  VII  are  fulfilled ,  the  orthonormal 
set  is  uniformly  bounded  on  the  internal  interval  [a*,  8'],  where  a  < 
<  a*  <  8  *  <  0  (as  a  result  of  conditions  V-VII  of  Table  in). 

Using  the  notation  of  (7.39)  and  setting  z  =  £te,  we  have 
*  =  «*•  °W  =  7fe- 

ft  (0)  <g  rf6  =     1         f  D(z)f(z)-D(z0)f(z0)  dv 


1      /*  /i  (0)  gg  <*9  =     1         f  D(z)f(z)-D(z0)f(z0) 

!*    J  *o(0)  2nl        J  2—ZQ 


0  |2|  =  1 

/(- 


2ic/ 

12-1  =  1 

since  by  assumption  both  D(z)  and  D(z)  f  (z)  are  in  H2.    Then  as  in 
Lemma  4.1,  we  have 


2k 


*»=-^//i(0)<P„(«io)rfa(0), 

0 
2ie 

«»«» ■=  i  /  «i0/.  (°)  {«»?;(«")  -  a%(6))  rf°  (")• 

o 
Consider  now  the  two  functions 

(A(0),    jiKM.       F2(9)==(0,      e^a'.pq, 

I    0         6£[a',  p'l,  1/^8),     Beta',  p'l, 

and  let  us  write 

Let 
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Then  for  0  £  [a',  (3']  we  have  |e  -  90|  ^  €,  from  which  it  follows  that 


l/i(6)l  = 


/o(0)-/o(6o) 


<1/o(6)1  +  I/o(6q)I>      0SKri. 
2sin-i 


Hence   Ft  (6)  £  L2,  and  according  to  Lemma  4.1, 
lim  aM=  limft<1)  =  0. 


For  0  £  [a',  [3']  we  arrive  easily  at 


/i(fl)l<| 


/o(«)-/o(W 


< 


In 


e-e0| 


x>  1, 

from  which  it  follows  that  F2(8)"g  Z,r 

It  is  known  that  the  class  I^a*.  3')  is  dense  in  ^(a*,  3*);  and 
therefore,  given  a  6  >  0  arbitrarily  small,  there  always  exists  a  function 


F30) 


-{ 


such  that 


0,      U€[a.',rn 

a  (8).    oei«'.w.    fa€M«'.P'). 

/|/i(0)-/3(0)|^<o. 


(7.44) 


From  the  measurability  and  boundedness  of  p(6)  on  [a\  3*],  it  follows 
that  p  (0)  Ft  (0)  £  Z.x .    Finally,  in  view  of  the  fact  that    F3  (0)  =  0, 
0  £  [a',  |3'1,  we  arrive  at  the  conclusion  that  F3  (0)£Ll. 

Setting 

F2  (0)  =  F3  (0)  +  F4  (0),       F,  (0)  =  F2  (0)  —  F3  (0), 
we  again  have 

fl«  =  a<?>  +  a«f».        tfW^+tf?.         Hmai3,=  limft<,3>=0 

n->oo  n->-oo 

as  a  result  also  of  Lemma  4.1. 

Finally,  to  obtain  an  appraisal  for  the  a.£',  bjj ,  we  make  use  of  the 
boundedness  of  both  p(e)  and  the  orthonormal  set  on  [a',  3*]. 

If 

0  <  m  <  p (0)<  M,       I  ? a (eif>) I  <  C,     0 £  [*',  ?'l. 
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then  from  (7.44)  we  obtain 

P' 

\b$\<™f\fi(*)-MW*<™*, 

i<4,Ki(c+i-7t)/i/i(9)-/3(e)irfe< 

and  this  implies  that 

Jim  a{ny  =  lim  an  =  0,         lim  6(n4)  =  lim  bn  =  0. 

?j->-oo  n>oo  w->oo  n>oo 

The  continuity  off  (e1^)  on  [a,  3]  implies  that  under  conditions 
XI- XIII  the  convergence  is  quasi  -  uniform  ,  as  was  mentioned  in 
paragraphs  4.5  and  5.4.    For  uniform  convergence  in  the  interior  of 
[a,  6]  it  is  sufficient  that  f  (eie)  have  a  bounded  second  derivative  on 
[a,  3],    To  prove  this,  one  uses  Lemmas 5.1  and  5.2  and  Theorem  5.5. 
in  which   TrfeiG)  is  replaced  by  f(e^). 

Let  us  now  make  use  of  (7.30*).  We  start  with  the  following  defini- 
tion: a  function  f  <£Q)  belongs  to  class  A^  if  for  any  number  N  >  0  there 
exists  another  number  h0  >  0  such  that  if  p(0)  >  N,  then 

l/o(w+/0|<M. 

where  |h|  <  h0,  and  A  is  independent  of  h. 

Lemma   7.1.     If   /0  (0)  £  Ah,  then  /0  £  L2     implies  that 
f0£La2 ;  further, 

lim  <d?(8;  /0)  =  0.  (7.45) 

Since  p(Q)£Lit  the  absolute  continuity  of  the  Lebesgue  integral 
means  that  every  €  >  0  there  exists  a  6  >  0  such  that  on  any  measura- 
ble set  e  of  measure  less  than  6  , 

jp(6)dB<e.  (1M) 

e 

Thus  given  an  e  and  having  chosen  6  ,  we  find  N  >  0  sufficiently  large 
so  that  if  e  is  the  set  on  which  p(e)  >  N,  then  Mese  <  6.  Then  setting 
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e  +  e'  =  [0,  27r],  we  obtain 

2k 

Jp(e)l/o(8)N8  =  /  +  /<//'(e)|/o(9)l2d8  + 

0  e  e'  e 

2* 

+  iV/l/o(9)l2rf9</^(9)l/o(8)|2^  +  Af/l/o(8)N9. 

e'  e  0 

For  the  first  integral  we  know  that 

/  p-(0)  |  /0  (0)  |2  dB  <  A*  /  p  (9)  rf6  <  4ae, 

e  e 

from  which  it  follows  that   /o€  ^2     implies  /0£  L?- 
Further. 

0  e  e'  e 

e'  e 

2tc 

+  ^/l/o(9  +  ^)-7o(9)l2^<^/+^K(A;/o)]2- 

0  e 

For  the  first  integral  we  obtain 

5r/l/o(8  +  A)— /O(6)|»p(0)rf8< 

e 


By  choosing  h  sufficiently  small  and  recalling  the  h- independence  of 
A,  we  arrive  at  the  second  assertion  of  the  lemma. 

Under  conditions  III-V  of  Table  VII  the  orthonormal  set  is  uniformly 
bounded  on  [a  +  e,  3  -  c],  and  we  have 
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I  sn  (/;  «*)—/(«*)  |  <  d*?  (1 ;  /o)  +  C2o)  (1 ;  /)  In  n  +  C35n, 

a+2e<60<(3  —  2e, 
which  implies  uniform  convergence. 

When  condition  VI  if  fulfilled,  I2  =  0  in  (7.31).    To  evaluate  Ix 
we  use  the  Bunyakovskii-Schwarz  inequality. 

IAI<{ll7r(e)ll?  +  ^lTr(9o)l}-K»(«"'.e*C< 
<  fllTr  (<»C  +  V^o  I  Tr(90)| }  VKn^\  7*i  < 

<  {  VM\\ Tr (6) || 2  +  V^l  Yr (So) | )  •  VC(»+1), 
from  which,  using  (3.6)  and  (5.31),  we  have 
I  sn  (/;  **)—/(,«.)  |  <  c, 1/7  «>2  (1 ;  /0)  +  C2  /»  «)  (1 ;  /) , 

(7.47) 
and  this  implies  that  the  convergence  is  uniform.    This  result  is  interest- 
ing in  that  it  does  not  require  the  existence  of  the  integral  in  (7.5). 

In  order  to  derive  conditions  VII  and  VIII,  we  will  show  that  a  suf- 
ficient condition  for  convergence  is  that  the  measure  satisfy  the  con- 
ditions 

s;=o/-i-y   •'(*;  i-)=o(ys)  on   Eh,  {1M) 

and  that  the  boundary  function  f  (eie)  satisfy  the  conditions 

u)2(8;/0)=o(yrl),      «,(8;/)  =  o/J^4-\on    [a,  ft.      (7.48') 

l"4/ 

Indeed,  from  0  <  m  <  p(6),    0  g  [a,  (3j  one  obtains,  using  (4.66),  the 
estimate  fin  <  C>/n6n;  from  this  and  (3.9"),  we  have 


ft»  <  Q  }/  m»'  (1 ;  ^)  +  C2  V"/i  3;, 
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which  leads  to  the  inequalities 


*.«»  (I ;  /.)  <  { c,  /  ««>'(i;jo)  +  c,  VT«;  1 «..,(! ;  /„) , 
»l '"  *•  (t  :  /)  <  { c,«»'  (I- ;  £)  +  cX }  „  (1 ;  /)  .„  *. 

When  conditions  (7.48)  and  (7.48')  are  fulfilled,  the  right-hand  sides  of 
these  inequalities  approach  zero  with  1/n,  and  then  from  (7. 30*)  we  ob- 
tain the  desired  result. 

In  the  special  case  in  which  o(G)  is  absolutely   continuous 
throughout   [0,  2 7r],  we  may  drop  the  condition  /o(0  -\-h)  £  Ll  in 

HI  -  V.  VII,  and  VIII,  and  the  condition  o>'  (§;  —  Y  =  0  (l/T)   in  VII 

\     Pa  * 
and  VIII.    If  in  addition  p(e)  <  M  throughout  [0,  2tt],  we  may  also 
drop  the  condition  /£  Ah    in  III-  V,  VII,  and  VIII,  and  replace 
«>?  (8;  /)       °y  w2(6;  f  ).  since  «>?  (&;  /)<  V  AI  o)2  (8;  /),   Then  the 
condition? 


8«  =  of!7zV      ^(8;  /)=0 (/J),     a)(o;/)=0 


IW  In 


0 


are  sufficient  for  convergence,  and  these  are  the  conditions  fulfilled 
under  IX  and  X. 

Condition  I  is  due  to  Freud  [3];  it  is  interesting  to  compare  it  with 
our  condition  VI.    From  the  requirement  that 

oo 

2y4u>2(^;/)<0°  (7-49) 

one  obtains     <d2  (8;  f)  =  o  (yo  ),  so  that  it  is  more  general;  condition 
I  places  no  restrictions  on  j (e^)  on  the  interval  [a,  3],  while  condi- 
tion VI  requires  that  it  be  continuous  with  a  definite  modulus  of  con- 
tinuity.   The  present  author  has  shown  [5],  however,  that  (7.49)  implies 
that  f  (eie)  is  equivalent  on  [0,  27r]  to  some  function  continuous  through- 
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out  this  interval,  and  therefore  condition  I  imposes  a  very  serious  re- 
quirement of  a  nonlocal  nature  on  /(e1^).  Nevertheless  it  is  of  in- 
terest also  because  it  ensures  the  absolute  convergence  of  the  Four- 
ier-Chebyshev  expansion.*  We  note  also  that  in  III-  V  we  have  placed 
more  restrictive  requirements  on  f  (e^)  over  the  entire  interval  [0,  2ir] 
and  less  restrictive  ones  on  the  internal  interval  [a,  3  ], than  in  the  anal- 
ogous case  of  XI-XIII. 

Remark   7.4.     If  an  analytic  function/  (z)  is  regular  on  the  arc 
[eia,  e1^],  then  on  this  arc  it  is  Lip  1.    We  would  have  obtained  a 
simple  generalization  of  the  Fatou-Riesz  theorem  if  we  had  been  able 
to  prove  the  convergence  of  the  Fourier- Chebyshev  expansion  for 
Sn==0W  :  we  nave  Deen  unable  to  do  this,  however,  and  had  to  place 
more  restrictive  conditions  on  our  function.    The  simplest  of  these  is 
condition  II,  under  which  the  orthonormal  system  is  uniformly  bounded 
and  gn  =  o(\). 

7.9.    We  now  turn  to  a  theorem  which  is  very  important  in  princi- 
ple, the  equiconvergence  theorem,  which  compares  the  Four- 
ier-Chebyshev  expansion  of  a  single  function  in  two  different  sets  of 
orthonormal  polynomials  {<Pn(z)}  and  {z11};  in  particular,  we  will 
compare  the  Fourier- Chebyshev  expansion  with  the  Maclaurin  expansion. 

We  introduce  the  notation 

€(*)  =  M9) +  *„(*)>      z  =  eii-      0<8<2*,        C.50) 
and  assume  that  on  [a+  €,  3  -  e]  we  have,  uniformly, 

|e„(2)|<ew,       z  =  e™,       a+s<8<3  — e.         (7.50*) 

Theorem   7. .12.      Let  the  integral  of  (7.5)  exist  and  assume 
that  on  [a,  3]  the  function  a  (0)  is  absolutely  continuous,  and  p(0)  > 
>  m  >  0  is  continuous,  and  that 

w(&;/>)<c(lny)   \       T>2.  (7.51) 

Let  F(z)  be  a  function  regular  for  |z  |  <  1,  such  that  F  (z) £  H%  and 


See  S.  B.  Stechkin  [1], 


148 


CHAPTER  VII 


~  /2\  1 "2  ,  and  such  that  it  has  boundary  values  at  points  of  the  arc 

[eia,  ei0],  and  that  these  boundary  values  satisfy   |  F(eiB)  |  ^  Mv 
6  £  [a,  p].  If  sn(F;  z)  and  on(F;  z)  are  partial  sums  of  the  Fourier- 
Chebyshev  and  Maclaurin  expansions  for  F(z),  then 

I  sn  (F;  z0)  —  an  (F;  z0)  |  <  C^+i  +  QWi  In  n  +  Xn, 

z0  =  e*\       a  +  7]<e0<j3  — 7],  (7.52) 

where  Xn  tends  uniformly  to  zero  as  n  -^oo,* 

Setting  F0(6)  =  F(ei0)yE(0),  we  have 

2* 

«.  C:  *o)  -  "i  /  ^o  (8)  ATn  («o.  *)  P  (9>  <*9  > 


2* 


^^-i/^)^^ 


d6, 


since  the  partial  sum  on(F;  z)  corresponds  to  p(6)  -  1,  ^n(z)  =  z  •   In 
the  Lebesgue  integral  obtained  we  can  replace  Fo(0)  and  7r0(e)  by 
equivalent  functions  F(eie)  and  7r(eie). 

Now  in  the  notation  of  (7.30"),  if  0,  0O£  [a+s,  p  —  e]  then 


*»(*b.  *)!<(*+ i)ri. 


l-(^)w+1 


1—  ^ 


<«+! 


so  that  for  k  >  2  we  have 


i     /    F(z)[p(0)Kn(zo,z)  — l- 


<*o*) 


n  +  l 


rf6 


z0*       J 


< 


<■&     I    \F(z)\\p$)-\Kn(z(>,z)\  + 


1  -  <*o*) 


n+l 


1— Zo-2" 


J 


•  Here  Clf  C2,  .  .  .  are  constants  independent  of  both  n  and  z0. 


(7.53) 
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where  we  have  used  the  fact  (from  condition  IV  of  Table  III)  that 
p,n  ==  o  {Vn)  .       Setting 

Rn  (*o)  =  Sn  {P\  Zq)  —  °n  (F\  Z0), 
we  obtain,  from  (1.7),*  

-[.-<vri]}*.     a54) 

Now  we  make  use  of  (7.50)  to  obtain 

R»  (*<>)  =  55  f  0TO  i p (z)  -  (2»7)n+1  ^W  +  Qn  <*)  - 

-(^)"+1CF))^,      a55) 

where 

W~         "«       : 1     (7.56) 

O    („\ £w  +  l  (^o)    I      £w  +  l  (f)  g  (^o)     I     £w+l  (^o)  en+t  P2")      \ 

*nw  —    n{2)   -t-     |n(2r)|,     -t-       /7t(2>),2       -J 

Let  us  break  up   [0,  27TJ  into  the  three  subsets 

e1  =  [0,  a  +  e]  +  [p  —  e,  2iu],  ) 

e2=[a+e,  e0-Js]+[e0  +  ^,  p_.],  I    (7>57) 

e3=[0o-7^.  Oo+i].        a+2£<e0<(3-2s,  J 

and  denote  by  o1§  o2,  o3  the  corresponding  sets  of  points  on  the  circum- 
ference |z|  =  1. 

First,  from  (7.53)  we  obtain 


f^{P(z)-(z0~z-f+1P(zJ  + 


2n  J   z  —  z0 


"3 


+  Qn  (z)  —  (z0zf+lQn  (z) }  dz  J  <  p^ .      (7.58) 
Further, 

27C/       ./         -?—  <2"0  2it/       J         2"— -Z0 

ld  =  i  |2|=i 


*  See  G.  Szego  [1],  Sections  13.3,  13.7. 
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where  we  have  made  use  of  the  fact  that  if  |C  |  <  1,  then  F  (C)  £  H2, 

l-^g//2   and  therefore  {  1  --«J^}F(&£HV 

In  view  of  (7.51),  Eq.  (4.31)  gives 

\tz(z)  —  7r(2r0)|  <c|ln  ^±-^~\      a+s<6,   60<p  —  e. 

(7.60) 

We  now  show  that* 

,.         1  fP(z)F(z)  -  +1  _, 

,lm    9^7      /      t      y      zn+1dz  = 

n  +  oo  2™   ._.•/-       Z  —  Z0 

=    lim  /  ^Wg_      F(z)dz  =  0      (7.61) 


i*i=i 


i*i 

uniformly  for  a  +  2  e  <  6  0  ^  #  -  2  e. 


Let  us  again  turn  to  the  Jackson  sum  uv(6)  of  (3.1)  for  the  function 
F(eie);  this  sum  is  a  polynomial  of  degree  r  =  2v  -  2  <  n  in  eie ,  and 
we  may  therefore  use  the  notation 


M*)=Or(*).    *  =  *f0;    X»=2^    / 


*  —  z0 
Is  =1 


From 


J_      fP(z)z^dz_ 1_  f  D(z)-D(zQ)  yV  ,    _n 

2tt/     J       *-z0  D(z0)2ni    J  z-z0         za*  —  V' 


lz|  =  l 

(v  =  0,    1,   2,  ...), 

it  follows  obviously  that  for  k  =  0,  1,  2 n, 

J_ 

271/ 

|2|  =  1  j        (7.62) 


^  y5(|)^i {l,w_0rW,„.  [ 

|sl  =  l       2'_  *°  J 

We  now  choose  a  small  u  >  0  and  divide  the  circumference  into  two 

sets 

f1  =  Ens  [\z  —  ^0|<(x},     E2  =  Ens  \\z —  zQ\  >  jij. 


*  See  G.  Szego  [1],  Section  13.7. 


CONVERGENCE  OF  FOURIER- CHEBYSHEV  EXPANSION 
We  then  have 


151 


<  {max  |F (2)| + 


i    z-z« 

zCE,  '         2n     J     \         Z  —  Z0 


\dz\s 


and  since  |  F  (z)  |<  Mv    z  =  eiB,     0  £  [a,    [J],  the  polynomial  Gr(z) 
is  also  bounded  on  E1# 

Using  (7.60),  we  obtain  the  following  60- independent  estimate  for 
the  first  integral: 

dd  _   /,     1  \2-* 


if<'f 


r-^i<c'('v) 


,,   I  e  -  e0|  { m  TT— ^- } 

If   z£E2  then  |z  -  z0|  >  ji,  and  we  obtain 

Heace 
I  ^nKQ  (in  I)2"Y+^2(i;   F),         a+2s<60<p_26. 

(7.63) 

1  n  —  J       <  -9  »  where  6  >  0 
is  any  arbitrary  small  quantity.    Fixing  /i  we  now  choose  n0  so  large 
that  if  n  >  n0,  then     —  o)2  (  — ;   Z7)  <  -^  ,  and  consequently  |\n|  <  6 
for  n  >  n0.  This  means  that 


urn   X„=   lim  t^-t      /  — — — —Lzn+ldz  =  0  n 

|2|  =  1 

uniformly  fora  +  2e<e0^3-2c.   We  thus  obtain 


64) 


T«.       ,im  Tii  =  °- 


|2|  =  1 


C7.65) 
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We  may  now  write 

<*i  +  <*2  +  ffa 

+  [Q„ (z) - (z0z)n+l  QA^)]}  F-^  = 

=Tn-^/fp(,)-(,„iriP(i)i^+ 

<*3 

+■&  /[Q„^)-(^)M+1Q^)]^f-+7^-2.  (7. 

Let  us  consider  the  first  integral  on  the  right  side:  using  (7.60)rf  we 
arrive  at 


66) 


-1    fp(*)F( 
2tc  J       Z  -2Q 


■^         2*         *C 


<*) 


rf* 


0„+- 


«< 


.(; 


rf0 


-«ol{m^} 


Tn<c2(itl»rT; 


a  similar  expression  obtains  for 

2tc  ,/     V    °    y  2  —  £0 


<C2(lnM) 


2-y 


(7.67) 


(7.67') 


Now  bearing  in  mind  (7.55),  (7.58),  and  (7.65)-(7.67),  we  arrive  at 
I^WI<^+2C2(ln«)2"T  +  lT«l  + 

°i  "I  <*a 

Let  us  evaluate  the  last  integral:  by  integrating  over  o2  we  have 


e«nW|.    IvmWKvh 


*(*) 
F(z)\<Mu 


Vp^xVm 
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and  therefore 

1     P\On(z)F(z)dz 


I  f\Qn_ 
In  J    I 


^-Qen  +  1    / 


di) 


<C4:en+1\nn. 


z  —  z0 

By  integrating  over  ox  we  have  | z — z0\^> 2  sin  — , 
Further, 

K+1(z)ir2=iiM8)-?;+l(*)ii°< 

<|m8)-^»;+i«[+(i-^)k+.wii.*. 

and  then,  using  (2.8)  and  (2.20),  we  obtain 

l|en  +  iWli:0<ll£n  +  lWII2ff<C63n  +  1. 

With  this  result  (7.56)  leads  to 


(7.69) 


{z) 


dz 


1   fQn(z)F( 

In  J         z  —  Z0 

h*wik+i«ii; 


< 


2sin|- 


{  £n  + 1 


/=•(*) 


*(*) 


+ 


71(2) 


+  en-i-ll|en-n(^)U' 


F(z) 


< 


n  (2)  II2  J 
■%  Q8n+ 1  T"  Cfin  1 1  • 
Finally,  we  arrive  at  the  desired  estimate  (7.52)  for  the  remainder. 

To  find  the  conditions  for  equiconvergence  one  must  examine, 
therefore,  conditions  sufficient  to  guarantee  that  on  [a,  3]  Eq.  (7.50) 
holds  with  error 

£»  =  0(h77r)-  (7.70) 

In  Table  VIII  we  give  sufficient  conditions  for  equiconvergence  on 
[a,  3];  these  conditions  correspond  to  those  of  Table  V.    Condition  lis 
due  to  Szego  ([1]  Section  13.3),  and  is  sufficient  for  equiconvergence 
ate0. 

Szego  ([1]  Section  13.7)  has  also  shown  that  if  F(z)  is  bounded 
for  |z|  <  1,  uniform  equiconvergence  results  throughout  [0,  27T]  if 

O<Xp(0)<iW,    o)(o;/?)<c(in-i)   T,    T>2,    0<0<2rc. 


CHAPTER  VIII 

PARAMETRIC  DESCRIPTION 
OF  ORTHOGONAL  SETS 

8.1.  In  all  of  the  preceding  chapters  we  have  been  examining  the 
properties  of  an  orthogonal  set  by  imposing  requirements  of  one  kind  or 
another  on  o(e).    In  this  chapter  we  shall  base  our  considerations  on  the 
so-called  parameters  of  the  orthogonal  set,  and  the  requirements  we 
shall  impose  will  be  on  these. 

We  first  introduce  the  polynomials    <  &n  (z)  =  — > ,  in  terms 

of  which  (1.2)  and  (1.2*)  become 

®n  +  l(z)  =  Z®n(z)  —  0>«(2),  I     (8.1) 

0*+1(s)  =  9»(*)—  ***&*(*)         (n  =  0,    1,  ...)•    I 

We  now  define  the  parameters  {an}  by 

«„=-«w6)=-^      (»  =  o,  .,  ...)•  (8,2) 

an  +  l 
From  (8.1)  we  easily  obtain  the  three- term   recursion   relation 

«n®»+2  (z)  =  {aAz  +  an+1)  <Dn+1  (z)  —  an+lz  ( 1  —  |  an  |2)  ®n  (z), 

(8.3) 

an®*n+2  (z)  =  (an  +  an  +  1z)  $* +i  (z)  —  aa+lz  (\—\an  |2)  <D*  (z) 
(n  =  Q,    1,  .  .  .)•  (8.3') 

We  now  show  the  relation  between  the  parameters  {an}   and  the 
moments  {cn}   defined  by 

2~ 

\;fe-***do(B)  =  ck         (k  =  0,   1,  ...)•  (8'4) 


2 

o 
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In  terms  of  the  so-called    Toeplitz   determinants 


\c 


i-j  |0; 


c-k  =  ck  (k  =  0,   1,  .  .  .), 


(8.40 


it  is  easily  seen  that  the  $n(z)  can  be  written 


*»w 


i»~] 


^0 

*-i 

c_2     . 

C-n 

*1 

^0 

cl 

c-n  +  i 

cn-l 

cn-2 

C7l-3     • 

Ci 

1 

Z 

z2 

zn 

(» 

=  0, 

1. ...). 

A 

-1  =  1 

zn  + 


"    (8.5) 


Multiplying  (8.5)  by  z~n,  (8.3)  by  z'n-1,  setting  z  =  eie ,  and  integrat- 
ing, we  obtain 


2n 


1  /*  <Dn  (««)  «-*-•  rf3  (0)  =  A_  =  4 .       (r22-) 


(«  =  0,   1,  ...)> 


whence 

n-i 

-V  =  T^-=-fII{1— l^l2}'      (»=1,    2,...),     A=^o- 

a/i  V-l  a0  ft  =  0  a0 

(8.6) 

Theorem   8.1.    An  arbitrary  choice  of  parameters  {an}   sub- 
jected to  the  single  condition 

KI<1  (»  =  0f    1,  2,  ...)  (8-7) 

determines  the  entire  orthogonal  set{$n(z)}  and  the  nondecreasing 
bounded  function  o(0)  with  a  nondenumerable  set  of  points  of  increase. 

Indeed,  since  we  know  that  $0(z)  =  1,  we  can  construct  the  en- 
tire set  {®n(z)\Tby  (8.1). 

Further,  (8.6)  implies  that  the  condition  (8.7)  is  equivalent  to 

An>0  (»  =  0,    1,  ...),  (8.8) 

and  the  positiveness  of  all  the  Toeplitz  determinants  is  equivalent  to 
the  existence  of  a  bounded  nondecreasing  function  o(e)  which  has  a 
nondenumerable   set  of  points  of  increase  and  satisfies  condition 
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(8.4).*    To  find  this  function  explicitly,  we  remark  first  that  by  using 
(8.3')  and  (1.13)  it  can  be  shown  that  the  finite   difference  equation 

anyn+2  —  (an  +  an+1z)yn+l  +  an+1z(\  —  \an\2)yn  =  0   (8.9) 

has  two  linearly  independent  polynomial  solutions 

yn  =  ®n(z)  =  TVnW    for    ^o=1»  yl=\—a0z, 


yn  =  XK  (z)  =  —  fn  (*)    for     y0  =  i .  yi  =  i  +  «o* 


(8.9') 


Thus  to  the  polynomials  of  the  second  kind,  defined  in  (1.13),  corres- 
pond the  parameters   { — tfw}o°. 

Making  use  of  (1.16),  we  obtain 


^(^)  =  o —  /     ;         ^a  (fJ)  —   ,lm   — v 


from  which,  with  the  inversion  formula  for  o(e),       we  arrive  at 

«e>  +  o)  +  .(e-o)  =  const+Co  |im    fm{F(reh)]a<?,   (8.11) 

2  r->l-OJ 

As  an  illustration,  let  us  turn  to  the  case  {an)™  —  a,  |  a|<  1 , Solving 
the  finite -difference  equation 

yn+2— {z+i)yn+i+z(\—  |*-la).y»  =  o, 


we  arrive  easily  at ' 


„n  +  l 


yn  =  l>n(z)=    l— — J (!.+  «)*-?■ 


Wl  —  W2  wl  —  ^2 

(*  =  <),    1,  2,  ...), 
where  we  have  set 

Wu2  =  L±JL±jW  ?       5) (2f)  =  y"(z_^«)(2:  — g-^j, 

g'«  =  1  —  2  |  a  |2  -f  2/ 1  a  |  /l—  |  a  |2. 


*  See  N.  I.  Akhiezer  and  M.  G.  Krein  [11,  p.  44. 

**  See  N.  I.  Akhiezer  and  M.  G.  Krein  [1],  pp.  49-50. 
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Mia) 


'Die  <7 
Fig.  2.  0A  =  \,   OM  =  \a\. 


Let  B  be  the  z  plane  cut  along  the 
arc  ACD,  i.e.,  along  the  arc  [eia, 
e"ial  (see  Fig.  2).    We  choose  that 
branch  of  the  two- valued  function 
$(z)  for  which  $(0)  =  1.    It  is  easily 
seen  that 

w  —  1 

~~W  '  w  —  (1  —  \a\?)  ' 

w2  —  (z-+-l)w  +  z(\—  \a  I2)  =  0 


is  a  function  giving  a  Zhukovskii- 
Chaplygin  conformal  mapping;  the 
function  w^z)  and  w2(z)  map  B  onto  the  regions  outside  and  inside  the 
circle  |w|  =  Vi  -  | a  1 2 ,  and  therefore  for  |z|  <  1  we  have  Iwg/wJ  <  1, 

(W<)\n 

so  that     lim    l-^l    —  0.     Using  (8.10),  we  are  led  by  some  simple 

n->co    \®lf 

operations  to 


F{z) 


lim 


w 


n-fl 


w, 


n  +  1 


—  (1—  a)z(w?  —  w%) 


«>uo    W\  +  l  —  <  +  1  —  (1-M)Z«-W??) 
az  -f-  a  +  <I>  (z) 


lr\-a  —  z(l-\-a) 


z\<  I- 


Let  us  now  set  a  =  —  i\a\e    2 ,  which  corresponds  to  point  M  in 
Fig.  2.    Then  from  (1.21)  we  have 

0  4-  a  8  4-  a 

+  r)Sjn-4-  +  /(l-r)cos-t- 
H —  1/      ^t *Ar.      r< 


1      1/r^1+r)sin 

<x~  1/  I 

cos^    f         (1  -|-  /-)  sin 


-f/(l  —  r)  cos 


0— a 


p(0)  =  co 


0— a   ' 
s.n— - 


Setting  c0  =  1  -  |a|2  =  cos2(a/  2)  we  find  normalized  polynomials 
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2/1  +  1 


1  /  a\'"T1 

^  =  (cosl)     • 
<p;(z)  =  (cos|)"""t*;u)     (»  =  o,  i,2,  ...)■ 


In  the  notation  of  (4.14),  we  have 

a      «&") 

^i,2  (£*°)  =  c os  -s-  e 

and  this  implies  (4.14'). 

8.2.  Some  of  our  previous  theorems  can  be  stated  in  a  somewhat 
different  form  by  formulating  the  conditions  not  in  terms  of  o(6),  but 
in  terms  of  the  {an}  . 

Theorem   8.2.    Conditions  a)-f)  of  proposition  15)  of  Chapter 
I  are  equivalent  to  the  convergence  of  the  numerical  series 


2K!2<co,  <8-12> 

n  =  0 

that  is  to  say,  they  are  equivalent  to  the  assertion  that 

I  ?;(*)--*(*)  i  =  0(8,0,       ) 


W<1/   2 

w  k  ■-■  n 


2        ui/  i     ! 


ak\\        \z\<\ 

r  ft-.-.*  J 

and  that* 

i  l|     /  I  °° 

3 = exp  |k  J  ln  °' (6)  rfe| = e"  II I '  - 1  a» 

\       0  J  n=0 


(8.13) 


(8.14) 


Indeed,  (8.6)  implies  that  the  existence  and  finiteness  of 
lim  an  =  <x    is  equivalent  to  the  convergence  of  the  infinite  product 

n  ->  oo 

(8.14),  and  therefore  also  to  the  convergence  of  the  series  (8.12).    From 
(2.8),  (2.7f),  and  (8.2)  we  obtain 


*  See  also  S.  Verblunsky  [11. 


160 


CHAPTER  VIII 


/oo  r    oo 

S  i»w>i'--jy  S 


which  gives 


4]^  I2,      (8.15) 


7c  =  w4-l 


&  =  n  +  l 


/oo  /""    oo 

\  =  n  " 


(8.15*) 


y*c0 


I  a*  I2  <  K  <  \    z+\  % 

&  =  n  /c  =  n 

1 

ao 
Hence  (5.86)  implies  (8.13). 

Theorem    8.3.    If  the  {an}  satisfy  condition  (8.7),  the  ortho- 
normal  polynomials  are  bounded  according  to 

l?»(z)l<aBexp{j;ja*|},       |z|<l.  (8.16) 

If,  in  addition,  (8.12)  is  satisfied,  then 

|<P.MI<<wtK".       \z\<\ 


1/    tocp—% f'to*Q)**  =  Vi*(Cirtf. 


(8.17) 


P 


If,  finally,  |  aw|<-^-,    rc  >  fl0  or    |fln|<_Jl--f    ft>«0,  then  we 
obtain,  respectively,* 

I^OOKQnPor  [<p„(«)l<C2(In«)P,       |*|<1.      (8.18) 


To  prove  this  we  make  use  of  the  formula 


A=0   (  *7- 


**(*)) 

'« 


(»  =  1,  2,  ....).      <8-19> 


*  Here  C,  Cv  C2  are  constants  independent  of  both  n  and  z. 
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which  is  obtained  from  (8.1).    Then  in  the  closed  circle  |z|  <  1  we  have 


w-l 

n 

k  =  0 


n  (»— i«ii)<i®iwi<n  {i+i^ij. 


k  =  0 


an    inequality  which  cannot  be  improved  upon;  equality  may  be  at- 
tained, for  instance,  if 

—  1  <ak<0        (fc  =  0,  1,  ...),       z=\. 

From  the  above  we  obtain  the  estimate 


In 


*;<*> 


n-l 


n-i 


<S'n{l+|*.|j<2'l^l.       kl<l 


fc  =  0 


fc  =  0 


If,  now,  (8.12)  is  fulfilled,  the  inequality 

fc  =  0  '  fc=0  fc=0 

carries  us  to  (8.17),  since  according  to  (8.14) 
n  — 1  oo  oo 

2  l«*|2<S  Kl2<-2ln(l-|aj2)== 


«*r 


ft  =  0 


*  =  0 


fc  =  0 


ft  =  0 


2tc 


=  _,nXI{l_|^|2)_lnc0-^rina'(8)rf9. 
fc=o  0 

The  following  natural  question  arises:  what  is  the  accuracy 
of  (8.17),  the  majorant  for  orthonormal  polynomials 
subjected   to   the    single   restriction   that 

2tc 

J  lna'(8)d0>  — oo. 

o 
We  will  show  that  these  polynomials  may  increase  at  a  rate  very  close 
to  that  given  by  (8.17).    For  this  purpose  we  write 


ao=01==O,       ak  = 


1 


X<1        (*  =  2,3-,  ...)• 
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Then,  as  is  easily  shown,  we  have 

<"H1^}>s"£ni= 

IC  =  £  Jc-2 

n-l  n 

=  2  ^  fr-i>2fx^dx  =  2*^=*t 

fc  =  2  2 

and  therefore,  using  (8.6),  for  z  =  1  we  have 

where  X  is  arbitrarily  close  to  i .    The  sharper  result 

?:(i)>ciexp|^ 

rnv  ><?-    i     H(ln/z)tf 
is  obtained  if  we  set 

a0  =  ai  =  0,       0fc  = 


V*  (In  £)? 


T>|  (*  =  2,3,  ...) 


From  (8.18)  we  obtain 

Theorem   8.4 .    If  the  {an}   are  such  that 


«nl<^_.         »>%         P<3,  <8-2°) 


/i  In  rc 
the  existence  of  the  radial  boundary  value 

lim    it  (reiQ»)  =  iu  (ei9») 

r>l-0 
is  equivalent  of  the  existence  of  the  limit 


and  to  the  equality  of  these  two; 


(8.21) 


lim  <p;(etw°)  (8.21*) 

n->oo 


lim    tc  (re<9<>)  =  iz  (ei9»)  =  lim  <p*(ei89).  (8.21") 

r->l-0  n->oo 
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To  prove  this  it  is  sufficient  to  note  that  according  to  (8.1) 
n-l 
KW=l—z  2  «***(*)         (»=1.  2,  ...)■  (8.22) 

The  series 

ob  oo 

n=0  n  =  0 

has  coefficients 

*„  =  g.  k»l<^<^-        «>».■  (8.23) 

On  the  other  hand,  from  (8.18*)  we  may  write,  in  the  notation  of 

Theorem  6.3, 

Mw  =  C2(lnrc)P, 

k»l< — L-j-On^-^ol — L_)     0(_L_ 

a0n  (In  n)~*  [n  (In  n)7J  l*^w 

and  then  the  assertion  follows  from  Theorem  6.3. 

8.3.  Finally,  we  pass  on  to  a  theorem  analogous  to  Theorem  5.2. 

Theorem   8.5.    Assume  that 

oo 

2K1<°°'  (8.24) 

71  =  0 

Then  it  follows  that  on  the  entire  [0,  2v\  interval  the  function  o(e)  is 
absolutely  continuous  and  the  weight  p(G)  is  bounded  from  below  and 
continuous,  while  in  the  closed  region  |z|  <  1, 

oo 

«•=!<(*)  — *(*)l<CS|fl»|        (i»  =  0,  1,2,  ...)•    <8-25) 

ft  =  w 
From  (8.19)  we  obtain 

oo  n-l 

II{i-KI!<H{i-KI}<l*«(z)K 

k  =  0  k=0 

n-l  oo  • 

<H{i  +  KI!.<II{i  +  M).     I«l<i. 

ftrrQ  fc  =  Q 

In  view  of  the  convergence  of  both  of  these  products,  the  limit 
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lim  %(z)=  iim-^=^i\        |*|<1,       (8.26) 
n->oo  w>oo        n 

exists,  and  the  convergence  is  uniform  throughout  the  closed  region 
|z|  <  1.    Therefore  7r(z)  is  continuous  for  |z|  <  1  and  satisfies  the  in- 
equalities 


o<«n  {i-KiKi*wi<«n{i+i«»i}. 

n=0  w  =  0 


This  implies  the  boundedness  and  continuity  of 

1 


2f|<l. 
ind 
P0)  = 


\    (8.27) 


From  (8.22)  we  obtain 

oo 

which  leads  to 


z\<\ 


k  =  n 


®«(z) 


«  W       <p«  (■J') 


<  5J|*»H®»Cr>l< 


k  =  n 


<Il!1  +  la*l)Sla*1- 


fc  =  0 


fc  =  n 


To  prove  the  absolute  continuity  of  o(e),  we  note  that  the  poly- 
nomials {^n(z)}  of  the  second  kind  satisfy  a  formula  analogous  to 
(8.25),  namely 

lft(*)-«(*H<c  S|fl*i.    M<i,        (8-25,) 

k  =  n 

where  cj(z)  has  the  same  properties  as  ?r(z).    Then,  using  (8. 25),  (8.25*), 
and  (8.10),  we  have 


-In,     +»(*)  FM         "^ 

lim  — j =  r  (2)  = 

n+oo  <?n{z)  n(z) 


*\<L 


(8.28) 
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and  we  note  that  cj(z)/it(z)  is  a  function  continuous  in  the  closed  region 
|z|  <  1.    Thus  F(z)  is  identically  equal  to  u;(z)Ar(z).    Since  the  family 
of  harmonic  functions 

e 
is  uniformly  bounded  for  r  <  1,  the  integrals  f  ur  (cp)  cfcp  are  absolutely 

o 
equicontinuous  on  [0,  2^],  and  therefore  Uj(6)  can  be  represented  by  a 
Poisson-Lebesgue  integral*     Then  from  (1.22)  we  obtain  do(e)  = 
=  p(e)de. 

Theorem   8.6.    The  assertion  made  in  the  preceding  theorem 
is  valid  also  if 

oo 

2^<~;  (8-29) 

n=l    r 

in  this  case 


k*2*.   «o=[f]- 


yr     °    u 

Indeed,  setting  2r_1<  n  <  2r,  we  have,  in  analogy  with  (5.20), 

oo  oo 

2i«*i<c  S  -4=vi«vI2+k+ii2+  •••< 


k  =  n  v==2r-2 


Y 


v  =  n„ 
8.4.  We  have  seen  how  important  6n  is  in  many  of  our  inequalities. 
In  particular  if     Urn  5W  =  0,    then  6n  is,  according  to   (2.8),  the  best 


w->oo 

O 


approximation  (in  the  metric  of  1% )  to  7r0(e)  by  means  of  polynomials 
of  degree  <  n.    The  following  question  then  arises:  is   it   possible 
for   the   noni  ncreasi  ng   sequence  {6n;    to   decrease   in 
an   arbitrary   way;    in   particular,   is   it   possible   to 


*  See  I.  I.  Privalov  [11,  p.  64. 
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construct   an   orthogonal   set   for   which   this   sequence 
will   approach   zero   arbitrarily   rapidly? 

Theorem  8.7.  Given  an  arbitrary  nonincreasing  sequence 
{6n}  of  positive  numbers  and  choosing  0  <  |a0|  <  1  arbitrarily,  the 
square  moduli  of  all  the  parameters  will  be  given  by 


*2  _    *2 
|2 n     "°n  +  l 


n 


w+i«br«-*i+i) 


a0|2     (n=\t  2,  ...).   (8.31) 


To  prove  this  we  note  that  according  to  (8.15)  and  (8.6) 


k=n+i 


and  this  leads  simply  to 

52  -  h2  .  . 

«»-!  I2- 


l"»l2  »i-»i+l 


We  have  thus  arrived  at  the  linear  inhomogeneous  finite -difference 
equation 

i  *2  j-2 

v  \    ,,    1         ..    _J__         \     n       °n  +  l 

l^nl2  5n  +  i-5n  +  2 

whose  solution  gives  (8.31). 

We  have  gone  into  the  parametric  description  of  sets  of  ortho- 
gonal polynomials  for  two  reasons:*   First,  some  quantities  difficult  to 
evaluate  in  terms  of  the  structural  properties  of  o(e)  are  very  easily 
expressed  in  terms  of  the  parameters;  an  example  is  the  6n,  which  are 
given  in  terms  of  the  parameters  by  the  simple  expression  (8.15). 
Second,  the  theory  has  some  very  important  and  interesting  generaliza- 
tions.     Our  {$n(z)}   polynomials  and  the  parameters  {  an}   are  func- 
tions of  the  integral  argument  n.    Krein  [2]  has  developed  a  general 
theory  for  analogous  functions,  but  of  an  argument  r_  varying  continu- 


•  A  detailed  parametric  study  of  the  properties  of  orthogonal  sets  will 
be  found  in  other  work  by  the  present  author  [1,  9]. 
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ously  on  [0,  <»];  in  other  words,  he  has  constructed  the  continuous  ana- 
log of  the  theory  of  polynomials  orthogonal  on  the  unit  circle.    Then 
the  analog  of  the  {an}   is  a  function  A(r),  and  conditions  (8.12)  and 
(8.7)  are  replaced  by  A^Ll(0,   co)  and   A£L2(0,   oo). 


CHAPTER  IX 

POLYNOMIALS  ORTHOGONAL  ON  A  FINITE 
INTERVAL  OF  THE  REAL  AXIS 

9.1.  Consider  the  polynomials  {pn(x)}   orthonormal  with  respect 
to  the  measure  cW(x)  on  a  finite  interval  of  the  real  axis,  which  can 
always  be  linearly  transformed,  without  loss  of  generality,  into  the  in- 
terval [-1,  +1],   We  have 

0,  n  4=  m, 

1,  n=m,  (9.1) 


/  Pn(x)Pm(x)d^(x)=l 


PnW  =  Mn+-'-      Pn>0      (/t=a,    1,    2,   ...), 

where  ^  (x)  is  a  nondecreasing  bounded  function  with  an  infinite  set  of 
points  of  increase  on  [-1,  +1],  and  for  which  we  shall  set  #  (-1)  =  0. 

We  introduce  the  nondecreasing  function 

(-t(cose),    o<a«. 

which  is  bounded  on  [0,  2tt].    We  then  have 

o(2ir)  —  o(2ir  —  0)  =  a(+0)  —  o(0)  =  ^(l)  —  ^(1  —  0), 
a(«  +  0)  — o(tc)==o(it)—  o(tt  —  0)  =  <|>(—  1+0)  —  <|>(—  1), 

and  may  proceed  to  construct  the  set  of  polynomials  {</>n(z)}  orthonor- 
mal with  respect  to  the  measure  do(e)  on  the  circumference  |z|  =  1; 
it  is  easy  to  see,  further,  that  all  the  coefficients  on  these  polynomials 
are  real.    From  (9.2)  we  may  conclude  that  almost  everywhere  on  the 
interval  [-1,  +1], 
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•W-fW-T^Jr-TSSp    -  =  cose,  j    (93) 

p(B)  =  w(x)V\—  *2-  J 

If  #(x)  is  absolutely  continuous  on  [-1,  +1],  we  shall  call  w(x)  the 
weight,  and  p(e)  the  trigonometric   weight*  corresponding 
to  the  orthonormal  set  {pn(x)}  . 

In  all  that  follows  we  shall  use  the  expression  x  =  i(z  +  1/  z)  tore- 
late  the  variables  x  and  z,  so  that  z  =  x±Vx2  -  1.    In  this  latter  expres- 
sion we  shall  always  choose  that  branch  of  the  two-valued  function 
which  maps  the_x  plane  cut  along  [-1,  +1]  into  the  circle  |z|  <  1,  and 
therefore  when  |x  +  Vx2  -  1  f  >  1  we  must -set  z  =  x  -  Vx2  -  1,  and  then 
as  x  -*°° ,  we  have  z  -*  0.    The  relation  between  the  {pn(x)}   and  the 
{<#n(z)}  is  given  by 

Theorem   9.1.    The  {pn(x)}  polynomials,  orthonormal  on 
[-1,  +1]  with  respect  to  the  measure  d^(x),  are  related  to  the  {^(z)} 
polynomials,  orthonormal  on  the  circle  |z  |    =1  with  respect  to  the 
measure  do(e),  for  which  o(e)  is  given  by  (9.2),  according  to 


PM  =    '■•"'  +  '»'"    .,-         (,  =  0.   I.  2,  ...), 


V-l'+'g] 


(9.4) 


H'+i) 


2n 

To  prove  this  we  note  first  that  writing    tp2n  (z)  =  2  ^kzk>  we  ^inci 
that  if  z  =  eie  ,  then  *=0 


2n 


n-  l 


*  See  S.  N.  Bernshtein  [1], 
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which  means  that  the  right-hand  side  of  (9.4)  is  a  polynomial  of  de- 
gree n  in  the  variable  x  =  cos  e . 

Further,  fori;  =  0,  1,  ....  n  -  1,  we  have 
1  o 

/   Pn  (x) cos  v^  dty  (x)  =  —  /  pn  (cos  6)  cos  v0  do  (6)  — 

-1  K 

X 


=  4-  f  Pn  (cos  9)  cos  v8  da  (8)  =  I      

X    /   {cp2w^iG)  +  Cp*n(^)}^-^0^iv9_|_^-iv0)^a(0)  =  O 


0 

which  is  obtained  using  the  relations 

2% 


i/?2A(«w)e-i(n±v)9^(9)  =  0, 

0 

2tc 

^•/<P2„(«i9)«"i("±,)6d0(6)  = 
0 

2% 

=  ^f<?2n(e-io)ei{n±*)Bda(e)  =  0, 
o 


For  v  -  n  we  obtain 

i  i 


y  pw  (*)  cos  nd  dty  ( x)  =  2-^-  y  pj  (a:)  rf<|/  (*)  = 


-i 

2« 


)W-1 


T»n(0)l      2 

o 


%  /  ( [?!» («i0)l2  e-2*"H-[<P2B  (e-«)p*«»»  + 


2Pn[l+^)] 

L  «?n    J 

+  2<Pa„(«*fli?8n («-<•)}  rfo(0), 
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from  which  it  is  easily  shown  that* 


Having  obtained  (9.4),  we  can  now  arrive  at  estimates  and  asymptotic 
formulas  for  the  {pn(x)}  by  using  the  corresponding  results  previously 
arrived  at  for  the  {<?n(z)} 

Theorem   9.2.     The  following  assertions  are  equivalent: 

1)  The  integral 

i 
r  In  Y  (x)  dx  (9.5) 

J    Y\^-~x? 

exists. 

2)  There  exists  an  infinite  bounded  subsequence    {(3n  T~n^\. 


3)   There  is  at  least  one  point  x0  in  the  region  |x  +  Vx2  -  1 1  >  lat 
which  there  exists  an  infinite  bounded  subsequence  of  the  form 

(x0+Vx20—\yn'pn)(x0)  (v=l,   2,...)-         (9-6) 

To  prove  this  we  use  (9.2)  and  consider  the  integral 

2*  1 


dx 


o 

i 


VT 


'-{      ri~x2  "jf  "A      **=*     (9.7) 

which  implies  that  the  integrals  of  (7.5)  and  (9.5)  exist  simultaneously. 
From  (8.6)  we  obtain 

1 «?nVl+%-t         n  __         ??n  (0)      ,.  „ 

■    "•—   —  •      a2n-l  — '■•    (9.8) 


Vl-fl«- 


tn  —  1  tt2n— 1  a2n 


*  We  have  here  reproduced  Szego's  proof  [1],  Section  11.5;  elsewhere, 
the  present  author  [1]  (Section  30)  derives  (9.4)  differently. 
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Now  dividing  both  sides  of  (9.4)  by  x  ,  going  to  the  limit  asx-*» 
and  using  (8.7),  we  arrive  at 

-t       I 


(9.9) 


Pn 


ain-\ 


> 


ain- 


2W       V2*yi+flw-1  ^2^ 


Because  of  the  monotonic  increase  of  an,  these  inequalities  imply  that 
the  existence  of  a  bounded  subsequence  of  the  form  \$n  2~n^\  is  equi- 
valent to  the  existence  of  a  bounded  subsequence  of  the  form      ja^  J, 

which,  in  turn,  is  equivalent  to  the  existence  of  the  integral  of  (7.5) 
and  therefore  also  of  the  integral  of  (9.5). 

From  (1.2)  and  (1.2*)  one  easily  derives  the  relation 

a2,,-l  {  ?an  (*)  +  <&  (*)}  =  {Z<?2n-1  W+?2«-l  (*>}  a2n  (1— «2n-i)- 
Then  using  (9.4)  and  (9.8)  we  find  that  for  |z|  <  1, 


y2u 


< 


a2W-l 

2ct2*  |  *!»(*) 


znpn(x)\  = 


jPgn-ljCf) 


i+*^ 


Vzn-iW 


< 


< 


2«2J>2«-l(2) 


/ 


ua2M_l 


(9.10) 


On  the  other  hand,  for  |z|  <  1  we  have 


^PnW 


y"2;r(l+a2n_1) 


i    ,      Twi-ito 


*2n-l(*) 


> 


>»(iH^I). 


(9.11) 
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These  last  two  inequalities  imply  that  assertion  3)  is  equivalent  to  the 
existence  of  a  bounded  subsequence  \yn  (z0)},  |  Z0  |  <  1,  which  in  turn 

is  equivalent  to  the  existence  of  the  integral  of  (7.5),  and  therefore  of 
(9.5). 

9.2.   From  (9.4)  and  the  condition  that  |an|  <  a  <  1  for  n  >  n0, 
we  obtain  the  following  inequality  for  |z|  =1  (i.e.,  for  -1<x<1): 


?2n  (*>  1  +  I  ?2rc  (f) 

V2tc(1—  a)        ^  V     «(1— «)  '     s 


P»WI<^==- '<  1/    -77— -?.«(*) 


/=" 


In  particular,  if  (9.5)  exists,  we  have    2  ak  <  oo  ,  and  the  condition 

fc  =  0 

|  a   |  <  €  for  n  >  n0  is  satisfied  for  every  e  >  0.    Therefore  every  estir 
mate  for  the  |  (/,2n(eie )  I  can  be  used  to  establish  a  corresponding  one  for 
the  |pn(cos  e)|,  so  that  for  the  orthonormal  polynomials  {pn(x)j  we 
obtain  the  estimates  of  Tables  II  throughout  [-1,  +1],  where  by  p(e) 
we  now  mean  the  trigonometric  weight  defined  by  p(6)  =  ^'(x)Vl  -x2, 
x  =  cos  0.    In  Table  n  we  need  only  replace  o(0)  by  ^(x),  the  inter- 
val (0,  27r]  by  [-1,  +1],  and  the  {^(e^)}  by  the  {pn(x)}  .    An  in- 
terval [a,  b]cz[ — 1,  +  1  ]  corresponds  to  an  interval  [a,  p]cz[0,  2ti], 
where  a  =  cos  3  and  b  =  cos  a,  so  that  for  the  {pn(x)j  we  obtain  the 
local   estimates   of  Table  III.    For  these ,  conditions  IV  and  V  are 
replaced  by  (9.5),  while  conditions  VI  and  VII  are  replaced  by 


X 

f 


dx 
w  (x) 


<oo*).  (9-12> 


If  we  have  a  situation  in  which  [a,  b]  lies  strictly   in   the   in- 
terior of  [-1,  +1],  we  can  replace  the  estimates  and  moduli  of  con- 
tinuity for  p(0)  by  the  corresponding  estimates  and  moduli  of  continuity 
for  w(x)  =  ^(x). 

9.3.  Let  us  now  go  onto  a  discussion  of  limit  relations.    Assume 
first  that  |x  +  Vxz  -  1 1  >  1  or  |z|  <  1. 


*  One  need  only  reproduce  the  proof  of  Theorem  4.5  as  applied  to  the 
{pn(x)}  polynomials. 
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Theorem   9.  3  .      Any  one  of  the  conditions  of  Theorem  9.2  is 
necessary  and  sufficient  for  the  validity  of  the  limit  relation 
llm    (  P»(x)  \     ,.(*) 1 

„*-lc*+ v*=in ~ vs~ v« a« yt=*   (9-13> 

in  the  region  |x  +  Vx2  -  1 1  >  1.    Further,  the  convergence  is  uniform 
for  |x  +  Vx2  -  1 1  >  l  +  7j,  7]  >  0,  and  A(z)  is  an  analytic  function  regu- 
lar for  |z  |  <  1,  and  such  that 

lim   |  A  (rei9)  |2  =  w  (cos  8)  (9. 14) 

r>l-0 

almost  everywhere  in  [0,  7r].* 

To  prove  this  theorem  one  need  only  remark  that  the  conditions 
of  Theorem  9.2  are  equivalent  to  the  existence  of  the  integral  (7.5), 
and  therefore  to  the  validity  of  the  relation 

From  (9.4)  we  have 

and  since    lim  s2n  =   lim  a2n_1  =   lim  <p2w(z)  =  0,  this  implies 

n  ■>  oo  w  ->■  oo n  ->  co 

(9.13)  uniformly  for  |x  +  Vx2  -  1 1  >  1  +  77,  77  >  0.    Then  (9.14)  is  ob- 
tained from  (9.13),  (9.3),  and  (2.4). 

Remark  9.1.  To  estimate  the  error  involved  in  (9.13)  one 
must  know  the  order  of  magnitude  of  e2n,  a2n- 1,  and  ^(z).  Now, 
according  to  (5.86)  and  (8.15)  we  have 


=  o(8an),   |*|<r<l;    Iflh.iKl/     S    4< 

V       fc  =  2n-l 


cs9 


"        fc  =  2n-l 

We  have  not  succeeded,  however,  in  finding. the  order  of  |vn(z)|    as 
n  -*■  «>. 

Let  us  now  turn  to  an  asymptotic   formula   at   a   point   of 
the   interval   [-1,  +1], 


*  S.  N.  Bernshtein  [1]  and  G.  Szego  [6],  Section  8,  have  proved  the 
sufficiency   of  condition  (9.5)  if  ^(x)  is  an  absolutely  continuous 
function. 

In  (9.13)  we  choose  that  branch  of  Vi  -  z2  which  is  positive  for  z  =  0. 
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The  relation 

cp*(e*9)  =  tt(e'fl)  +  en,     O<0<2t:  (9.16) 

implies 

cpn  (gi8)  =  g*n8  t:  (ei8)  _[_  ginG^  (9.16') 

so  that  if  x  £  [ —  1 ,  -f-  1  ]  (9.4)  leads  to 


r?    (cog  Q)  =  ^'^  (^'0)  ±  ^^  (^'9)    I     e'in^in  ±  ein^n 

8£[0,  tc]. 
Now,  according  to  (2.6)  and  (9.3)  we  may  write 

en  (6)  eii  (0) 


7T  (g*8)  —  |  k  (ei0)  |  gi7  (9)  = 


V/7  (0)         T^w  (cos  6)  |  sin  0  |   ' 
so  that  we  arrive  at 

pM(cos9)-/T.cos'"9-^W]=^(9),  0<9<*.     (9.17) 
'      tz      y  w  (cos  0)  sin  0 

h„l</"1;       |£"*"' 


yi— 


ain-\ 


'       *  /w  (cos  0)  sin  0  \  / 1  —  flgn-i  ) 


For  |a_|  <  a,  n  >  n0  and  w(cos  e)  |sin  e  |  ^  m  >  0,  therefore,  we  find 
as  a  result  of  (8.15*)  that 

hnl<C1|e2rt|  +  C2|fl2n_1|<C1|e2n|+C3S2,_1<C482n.    (9'17,) 

Theorem   9.4.      Under  condition  (9.5)  the  limit  relation (9.16) 
for  the  {^n(eie)}  gives  the  asymptotic  formula  (9.17)  for  the 
{pn(cos  6)}  with  the  error  given  by  (9.17*). 

Thus  all  the  conditions  of  Tables  IV  and  V  guarantee  an  asympto- 
tic formula  for  the  {pn(x)}  throughout  [-1,  +1]  or  on  an  internal  inter- 
val [a,  b];  in  these  conditions  we  replace  o(b)  by  ^(x),  the  interval 
[0,  2tt]  by  [-1,  +1],  the  interval  [a,  3]  by  [a,  b],  and  the  polynomials 
{<(e^)}   by  {pn(x)}  ,  and  use  (9.3)  for  p(e). 

Remark   9.  2.      The  function  y(e)  can  be  obtained  from  (2.6) 
or,  as  has  been  shown  by  Bernshtein  [1]  and  Szego  [1]  (Section  12.2) 
from  the  relation 
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t(9)=__L  /h»<P  =  ;»M/-£g*  — S6.0.18) 

-1 

where 

W(x)  =  w  (x)  Y\—x2.  (9-18*) 

We  note  also  the  limit  relation  given  by 

Theorem   9.5.      Assume  that  the  integral  of  (9.5)  exists,  and 
that  on  an  interval  [a,  b]  in  the  interiorof  [-1,+1]  the  function  ^(x)  is 
absolutely  continuous,  while  w(x)  >  m  >  0  is  continuous.    Then  in[a,  b] 
we  have,  uniformly, 

n 

lim  TTTT  D  Pi  <*> = ;  ;  In 1   '  (9-19) 

Theorem   9.6.     If  the  integral  of  (9.5)  exists,  we  obtain  the 
limit  relation 


lim 

n  ->  oo 


pn  (cos  B)Yw  (cos  6)  |  sin  6  j  —  y    ~  cos  [nG — T  (6)] 


=0. 

2 

(9.20) 


The  proofs  of  these  two  theorems  are  analogous  to  those  of  theorems 
5.7  and  5.8. 

9.4.  Let  us  now  pass  to  a  consideration  of  orthogonal   series 
of  the  form 

2jT*0*(*)-  (9.21) 

fc=o 

As  in  Section  6.1,  we  define  the  modulus  of  increase  of  ^(x)  by 
a (S)  =  inf  / dty(x),         Mese  =  8,  eg[—  1,+  1],    (9-22) 

e 

in  terms  of  which  we  obtain  the  analog  of  Theorem  6.1. 
Theorem   9.7.      If 

lim  {yTlna(8)}=0,  (9.23) 
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then  for  |x  +  Vx2-  1  |  >  1  the  limit    * 

n    I  I 

lim  V\pn{x)\  =\x  +  Vx2—  1  I  (9.24) 

exists,  and  the  convergence  is  uniform  on  every  internal  region. 

To  prove  this,  it  is  sufficient  to  reproduce  the  argument  of 
Theorem  6.1,  replacing  the  inequality  of  Szasz  stated  in  (3.42)  by  the 
inequality 

max\G'n(x)\*Cn2max\Gn(x)\,    —  1<*<1  (9.25) 

due  to  A.  A.  Markov,  and  using  the  theorem  of  Walsh  ([1],  Section  7.4). 

For  unnormalized  polynomials  Pn(x)  =  pn(xV^n  we  ^ave  r^e  ^ol" 
lowing  assertion:*  if  ty'(x)  >  0  almost  everywhere  on  [-1,  +1],  then  for 
|x  +  Vx2-  1 1>  1  the  limit 

+  Yx*=T  |  (9.26) 


lim  V|P»(*>|   = 
exists.  n  >  °° 

From  the  limit  relations  proved,  we  obtain 

Theorem   9.8.      Assume  (9.23)  to  be  satisfied.    Then  1)  if  the 
orthogonal  series  (9.21)  converges  at  a  point  x0  outside  of  [-1,  +1],  it 
converges  absolutely  in  the  ellipse  with  foci  at  the  points  ±1  and  pass- 
ing through  x0,  and  Uniformly  in  every  internal  region;  2)  if 

n i 


n  ->  oo 


the  ellipse  whose  foci  are  at  the  points  ±1  and  the  sum  of  whose  semi- 
axes  is  R  is  the  ellipse  of  convergence  for  the  series  (9.21)  (the  analog 
of  the  domain  of  convergence  for  a  power  series). 

The  proof  is  similar  to  the  proof  of  the  theorems  of  Abel  and 
Cauchy-Hadamard  for  power  series. 

We  may  remark  that  the  theorem  for  orthogonal  series  of  the 
form  of  (9.21),  a  generalization  of  Luzin's  theorem,  is  proved  in  Sec- 
tion 6.3. 
*   See  Ya.  L.  Geronimus  [7]. 
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9 . 5 .  Let  us  now  turn  to  the  Fourier-Chebyshev   expan- 
sion  of   a   function  f(x)  defined  on  [-1, +1], 
n  l 

Sn  (/J  *)■=  2  CkPk  (X),  C*  =    ff  (X)  Ph  (X)  dty  (X).      0. 28) 

fc=0  -1 

In  distinction  from  the  situation  we  had  when  dealing  with  orthogonality 
on  the  unit  circle,  the  finiteness  of  the  interval  of  orthogonality  in  the 
present  case  causes  the  set  of  polynomials  (or,  equivalently,  the  set  of 
powers  {x11}  J£)  to  be  always  closed  in  the  space  1% of  functions/ (x) 
with  norm*  j_ 

\\f\\t=\  J>  (*)<**(*)      <co. 


Thus  the  expansion  (9.28)  of  a  function    f(x)  £  L|     always  converges 

in  the  metric  of  L2   to  the  function  f  (x).    Furthermore,  in  Chapter 
VII,  when  we  were  dealing  with  the  convergence  of  the  expansion  in 
the  metric   of  the   space   C,  we  were  forced  to  restrict  our  con- 
siderations to  functions  equivalent  to  the  boundary  values  of  certain 
analytic  functions  regular  in  the  region  |z|  <  1;  now,  however,  we  can 
deal  with  arbitrary  measurable  functions. 

Before  passing  to  this  general  case,  let  us  turn  to  a  most  simple 
theorem  analogous  to  Theorem  7.8. 

Theorem   9.9.      Letf  (x)  be  an  analytic  function  regular  in 
some  region  G  of  the  x  plane  whose  interior  contains  the  interval 

[-1,  +1],  and  assume  condition  (9.23)  fulfilled.   We  then  have 

00 

Urn  s„  (f;  x)  =  2  chPk  (x)  =/(*)  (9.89) 

n  ->  oo  fc=0 

if  x  lies  in  the  smallest  ellipse  r  whose  foci  are  at  the  points  ±1  and 
which  passes  through  a  singular  point  x0  off  (x);  outside  this  ellipse  the 
series  diverges.** 


*  See,  for  instance,  G.  Szego  [1],  Section  1.5. 

**  This  theorem  was  first  proved  by  Szego  [6]  under  the  more  restrictive 

conditions  that  0  (x)  be  absolutely  continuous  and  that  the  integral  of  (9.6) 

exist. 
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The  proof  is  similar  to  that  of  Theorem  7.8;  in  it  we  use  the  known 
theorem  that  one  may  make  the  approximation 

l/W-G»-iWK^.  KRi<R 


when 


\x  +  Y*—l  \<\x0+Yxl-\\  =  R. 
9.6.  We  now  pass  to  a  discussion  of  the  Fourier- Chebyshev  ex- 
pansion of  a  function  f  (x)  defined  on  [-1,  +1],    For  f(x)  continuous 
throughout   [-1,  +1],  Table  VI  gives  sufficient  conditions  for  con- 
vergence on  this  interval;  one  need  only  replace  o(e)  by  ^(x),  the  in- 
terval [0,  27r]  by  [-1,  +1],  andf  (e^)  by  f  (x). 

If,  on  the  other  hand.f  (x)  is  summable  on  [-1,  +1]  and  discon- 
tinuous  only   on   an   internal   interval  [a,  b],  then  in  accord- 
ance with  arguments  presented  in  Sections  7.5,  7.7,  and  7.8,  we  arrive 
at  conditions  II- XIII  of  Table  IX,  the  analogs  of  conditions  II- XIII  of 
Table  VIL 

A  different  condition  is  treated  in 

Theorem   9.10.      Let  f(x)£  L$  he  of  bounded  variation  on 
an  internal  interval  [a,#]cz[ — l»-f-l]  ,  and  on  this  same  interval  let 
^(x)  be  absolutely  continuous,  w(x)  satisfy  the  inequality  w(x)  <  M, 
and  the  entire  orthonormal  system  be  uniformly  bounded*  according  to 

\Pn(*)\<C,         a<*<£  (n  =  0,  1,2,  . . .).    (9.30) 

We  then  have 

lim  sn(f;  x0)  =  f(x0),         a+ir)  <  x0<  b  —  tj,         tj  >  0, 

n  ->  co 

at  each  point  of  continuity  of  f  (x)  within  [a,  b]. 

To  prove  the  theorem  we  choose  an  arbitrary  small  e  >  0  and  a 
X  >  0  such  that  the  variation  of  f  (x)  on  |x0,  x0  ±  X  |  be  less  than  e: 

f     \df(x)\<e,       j\df(x)\<e, 

J  J.  (9.31) 

x0  x0-\  v 

—  1  <  a<x0  —  21  <  *0-f-  2X<  b<\. 


*  A  sufficient  condition  for  this  is  that  on  the  interval  [a  -  e,  b  +  e], 
€  >  0,  one  of  the  conditions  V-VII  of  Table  III  be  fulfilled. 
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That  this  is  always  possible  follows  from  the  fact  that  the  function 

F(x)  =  f  (x)-f  (x0)  is  of  bounded  variation,  continuous  at x0 and  F(x0)  =  0.* 

Using  the  Christoffel-Darboux  formula 

n 

K  (*>  y)  =  ^pk  (*)  Pk  0>)  = 

k=o  (9.32) 

_     Pn         Pn+l(x)Pn(y)—Pn(x)Pn+i(y) 
Pw+i"  ■*  —  V 

we  may  write 

Sn(fi  Xo)—  /(*o)  =    fifM  —  /(*o)}M*.  x0)dty(x).     (9.33) 

-l 
We  now  choose  an  n  >  1/X  and  introduce  the  points 

—  1  <  x0  —  \<x0—  —  <x0-{-  —  <x0-\-\<  1, 

in  terms  of  which  we  break  up  the  integral  into  the  five  integrals  ilt 
.  .  .  ,  i5,  each  of  which  we  evaluate  separately. 

First,  by  assumption  we  have 


h  = 


a?u+- 


/ 


1 
n 


<(ft+l)C2A[ 


max      \f(x)  —  f(x0)\, 


(9.34) 
so  that    /3  =  o(l). 

In  evaluating  the  remaining  integrals  we  shall  make  use  of  the  function 

f(x)—f(x0) 


AW=' 


X—Xq 


From  (9.32)  and  (9.33)  we  obtain 

x  -X 


h=   /    {/(*)  — /(*o)}M*.  x0)dty(x)  = 


-l 


K 


Pn+i 


[Pn(x0)dn+1  —  pn+l(x0)dn) 


*   See,  for  instance,  A.  Zygmund  [1],  Section  26. 
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where  we  have  written 

x0  —  \ 

dk=  j  AWPftW^W'  *  =  ».  *+l  (^  =  o,  i,  2, . . .); 

-i 

analogous  results  are  obtained  for  i2,  14,  is.   Now  according  to  (9.9) 

ftn     _  J_  <     a?n    |/    1  — a?n-l  __ 
fWi  2      a9n+2  r      1 — «2n+i 

=4/(1-tf2„-1H1-«L)(i+<W)<i. 

so  that  in  view  of  (9.30)  it  is  sufficient  to  show  that  lim  dn  =  0. 

n  >  oo 

Consider  the  function 

f/iW.  *£[— i.  *0— m.  ; 

h  (*)  =  <  _  dk=       f2  (x)  pk  (x)  dty  (x). 

[  o,      *GH-i,  *0— M;  -1 

Since  |x  -  x0|  >  X  for  1  <  x  <  x0  -  X ,  it  follows  that 

\Mx)i=\Mx)\=ywzfJ?\<V{*]Vf™1 

so  that  /2  (x)  £  Z<f .    The  Bessel's  inequality  implies  that  lim  dn  =  0, 

n  ->  00 
so  that    I'j  =  o(l);    an  analogous  result  is  obtained  for  i5.  Further,  we 
have 

1 

X  +  — 

n 

<2=     f    =Eh-[Pn(x0)bn+l  —  p,l+l(x0)bn)<       <9-35) 

»/  Pn+l 

£Cp  — ^ 

where  we  have  written 


**=  y  /iwaw^w= 


1 


Since  1/  (x0-  x)  is  a  monotonically  increasing  function  on 


POLYNOMIAL  ORTHOGONAL  ON  A  FINITE  INTERVAL  183 

[x0-  X,  x0-  l/n]„  the  second  mean  value  theorem  implies  that 


1 

n 


bn  =  —  n  j   {/(at)— f(x0)}pn(x)w(x)dx. 


X0—l<an<X0—^ 


Now  we  introduce  the  function 


|  0,  X£[a'n,  x0-L), 

whose  Fourier- Chebyshev  coefficients  are  -b  /  n;  then  the  orthogonality 
of  the  {pn(x)}  means  that 


=  /|?W-G„-iW)p„W^(4 


(9.36) 


from  which  we  obtain 

a?0+2X 

*•$■<  /  i«p(*)— o,.x(*)iip(*)i«ii*)d*+ 

a?0-2X 

+  f\  0»-l  (*)  1 1  pn  (X)  |  rff  (X)  =  /,  +  /„      0.37) 
e 

where  e=[— 1,  xQ—  2X] -+-  [x0+  2X,  1]. 

We  shall  take  the  polynomial    Gn  -  ^(cos  0)  to  be  the  Jackson  sum 
(3.1)  of  order  2v  -  2  <  n  —  1  associated  with  the  function  <P(cos  0), 
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Q  <  0    <  2tt  (in  our  case  this  sum  is  a  polynomial  of  degree  2v  -  2  in 
cos  6,  i.e.,  of  degree  no  higher  than  n  —  1  in  x).  We  introduce  the  nota- 
tion 

cosa  =  AT0+2X,         cos(3  =  x0 —  2X,  \ 

Q/  ,      I  (9-38> 

cos  a  =x0,  cosp  =  x0  —  a, 

0  <  a  <  a'  <  p'  <  p  <  ic. 


Since  <P(x)  =  0  for  xg  [a;0  — A,    x0],  it  follows  that  <P(cos0)  =  0  for 
3  '  <  0  <  2?r  -   3 '  and  27r  —  a*  <  0  <  a*.    Then,  as  a  consequence  of 


Lemma  5.3,  we  have  Gn_1  (cos  6)  =  0  (— )  in  these  intervals, 


or 


On-i  (*)  =  Gn_j  W  —  cp  (*)  =  O  (p)  ,         a:£  e. 
Then  for  i2  we  have 

/»=  /  G»-.WP.Wl''tW  =  o(^  l|P»Wllf  =  0(p) 

e 

Finally,  let  us  obtain  an  estimate  for  Ix.   We  have 

aj(1+2X 

2* 

C'^rf   9  (cos 8)  — Os_,  (cos 6)1^(6), 


a?n-2X 

2* 


< 

where  we  have  written 


f  const,    0£  e', 
T(6)  =  (       6,       8ge',     e^[a,p]  +  [27r-p,  2Tr-a].  (9.39) 

We  now  apply  Lemma  3.1  with  r  =  1;  then  (3.6)  gives 
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/i<Ci^[t^(C0s6)]< 

<C2     sup     jiyicplcosCe  +  A)]  — 9(cos6).rfT(8)  = 

I  h  |<—        0 

v 

~T    SUP,    /    l?(x+*0-?(*)l7^< 

v 

a?0+2X 

<C3     sup  J      ^(jc  +  ^O  — ?W|^.       (9. 


40) 


I  h'  |  < —  £C0-2A 


Reproducing  the  arguments  of  Hardy  and  Littlewood  [1],  we  arrive  at 

a?04-2X  aJo+2\  x+h 

f    |9(*-f  *0  — <P(*)|'**=      f    dx     f  d^) 


Xo-2\ 


a?u+2X       a?+ft' 


a?0-2X  a? 

a?0-f  2X  +  /?' 


< 


Xb-2\  x 


<      f     dX     f     |rf«p(0|<       J  |*J>(0|     JcfAT  = 

a?0-2X  f-fc' 

a70  +  2X+ft' 

=  /*'      J      |*p(0|.      (9-41> 


whence,  using  (9.31),  we  obtain 


Ob-2X 


xu  +  2\  + 


•Fo 


a<%  y  k?(oi=%  f\di<f)\< 


(9.42) 


£C,.-2X 


£C,-X 


since  </>(x)  =  0  outside  of  [afc,  x0-l/n].    From  (9.40),  (9.41),  (9.37), 
and  (9.34)  we  now  have 

lim    bn  =  0,     i2  =  o(l), 

n  ->  co 
since  €  is  an  arbitrary  small  quantity;  in  just  the  same  way  /4  =  o(l). 
We  thus  arrive  at  Table  IX.    It  may  be  remarked  that  under  conditions 
XI- XIII  we  have  quasi- uniform    convergence,  and  under  con- 
ditions XIV- XVI  we  have  convergence  at  every  internal  point  over  [a,  b]. 
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9.7.  From  the  conditions  of  Table  IX  we  obtain  the  localiza- 
tion  principle,    i.e.,  the  necessary  conditions  for  two  functions 
f  i(x)  and  f  2(x)  of  a  given  class,  coinciding  on  [a,  b],  to  satisfy  in  this 
interval  the  relation 

lim    [sn(fl;  x)  —  sil(f2\  x))=Q.  (9.43) 

n  ->  00 
To  obtain  this  principle,  obviously,  one  must  find  the  conditions  under 
which f(x)=  0,  a  <  x  <  b implies  lim  sa{f\  x)  =  0in[a,b].    Iff(x)  = 

n  ->  co 

—  0  on  [a,  b],  we  may  consider  any  one  of  the  conditions  in  the  last 
column  of  Table  IX  to  be  fulfilled.   We  therefore  arrive  at  the  follow- 
ing localization   theorem: 

Theorem   9.11.      If  f  (x)  is  summable  on  [-1,  +1]  and  satisfies 
the  conditions  of  Table  IX  on  this  interval,*  then  with  given  conditions 
on  ^(x)  the  convergence  of  the  Fourier- Chebyshev  expansion  for  f  (x) 
on   [a,  b\d  [ —  1 ,  — I —  1  ]   depends  exclusively  on  its  behavior  on  this 
interval. 

We  may  recall  the  conditions  for  the  localization  theorem  as 
given  by  Freud  [2]  and  Jackson  [3],  who  assumed  that  ^(x)  is  absolutely 
continuous  throughout  [- 1 ,  +1], 

Freud  gives  two  conditions,  each  of  which  is  sufficient:  1)  w(x)  < 
<  M  in  the  interior  of  [-1,  +1],  the  entire  orthogonal  set  is  uniformly 
bounded,  w(x)f(x)£  Lx  on  [-1,  +1],  and  at  the  ends  of  the  interval 
w(x)P(x)£L2\  2)  |pn(x)|  <  K(x),  (n=  0,  1,  .  .  .  ) throughout [-1.+1], 
where     w  (x)  K(x)  £  LY      and      w  $x)  K(x)f(x)  £  Lx     throughout 

Jackson  gives  the  following  condition:     |  pn  (x)  |  ^  A, 
x£E<=.[—\,  +1],  w(x)f{x)^Ll   on  [-1.+1],  and  w(x)f2(x)  is 
summable  on  CE.    These  conditions  involve  the  uniform  boundedness 
of  the  orthonormal  set,  but  the  conditions  sufficient  for  this  are  not 
given. 


*  The  continuity  of  f  (x)  on  [a,  b]  and  the  conditions  in  the  last 
column  of  Table  IX  may  be  dropped. 
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9.0.   In  conclusion  we  turn  to  the  equiconvergence 
theorem   which  compares  the  convergence  of  the  Fourier- Chebyshev 
expansion  (9.28)  of  a  given  function  with  the  expansion  in  Chebyshev 
polynomials  {t^(x)}  of  the  same  function: 
n  l 

40)  (/J  X)  =  ^Tfc7*  (*).      U  =  ff(*)  Tk  (*)  y^—i  »    (9.44) 
Jc=0  -1 

7iW  =  l/"4-cos^0    (^=1.2,  ...),  #  =  cos8,    /n_ 

'        n  (y.4o; 

t  — L 

which  is  the  same  as  the  expansion  of  f  (cos  e)  in  a  Fourier  cosine 
series. 

Theorem   9.12.    Let  f  (cos  6)   be  in  both  LA  and  L^,  and  as- 
sume that  on  an  internal  interval  [a,  b]  we  have  |f  (x)|  <  M0;  let  the 
integral  of  (9.5)  exist,  and  assume  that  on  [a,  b]  the  function  ^(x)  is 
absolutely  continuous  while  w(x)  >  m  >  0  is  continuous  and  such  that 


o>(8;  w)<c(ln-^-)"\     T>2. 


(9.46) 


Then  on  a  +  r\  <  x0  <  b  -  77 ,  T]  >  0,  we  obtain* 

k  (/;*<>)— ^0)(/;^o)l<Tn+^n(c1|62n|+c2|82w+2|),  (9.47) 

where  yn  tends  to  zero  as  n  -*00. 

We  again  consider  the  function  defined  by  f  0(x)  =  f  (x)  on  the  set 
of  points  of  [-1,  +1]  on  which  #*(x)  >  0  exists,  andf  0(x)  =  0  outside 
this  set;  then 

sn  (/o»  xq)  ==  (9.48) 

=  //o  (*)  K  (x,  x0)  dty  (x)  =  ffo  (x)  kn  (x,  x0)  w  (x)  dx, 


*  We  are  using  the  notation  of  (7,50)  and  (7.50*).    As  usual,  C,  Clt 
C2,  .  .  .  are  constants  independent  of  both  n  and  x0. 


(9.50) 
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and  in  this  Lebesgue  integral  we  can  replace  f  0(x)  by  the  equivalent 
function  f  (x). 

We  thus  have 

1 

*„(/;  *o)-40)(/;  x0)  =  ff(x)b„(x,  x0)v£_,  (sM9) 

where  we  have  written  [recalling  (9.32)] 

{    Jsin(2«  +  l)^t£o         sin(2w  +  1)!L^o  j 

a:  =  cos  6,     a:o  =  cos0o. 

First,  using  (9.9)  and  (8.6)  we  have 

Pn      __  J_  ,      aln    |/      j  —  a2n-l  _ 
Pn  +  1  2       ain+v'         1+fl2n+l 

=  -2*  V(\  —  fl2n-l)(l  —  «2n)(l  +A2n  +  l). 
which,  with  (8.15),  gives 

Ffcr=T+°(5— >-4+«o>.        (9-51) 

further,  according  to  (9.17),  we  have 
pn+l  (cos  6)  pn  (cos  60)  —  pn  (cos  0)  pn+1  (cos  80)  == 

==*    ,/    1        =  {cos  [(a +1)6  —  T(Q)l-cos[w60  —  T(Q0)1  — 
ic  y  />  (0)  />  (80) 

—  cos[«0  —  T(0)]cos[(/z+l)0o  —  7(e0)]}  +  Xn(A:l  jc0), 
where,  in  view  of  Theorem  9.4, 

I K  (*.  *o)  I  <  I  ^n  (6)  Vh  Co)  I  + !  1»+i  (6)  1.  («o)  I  + 

/^fhn(g)I+Jjg±l(g)J         h»(0o)|  +  h»+i(0o)|  1 

+  V   «l        V7W         +  Y7W)  J^ 

<  C,  hn  (0)  1  +  C,  1  rwtl  (9)  I  +  C»  ''^"^i1  '"^  •  (9.52) 
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We  transform  the  cosine  product  into  a  sum,  and  after  some  simple 
calculations  arrive  at 

M*.  *o)  =  a»(0.  0o)+fln(6,— 0o)  +  cn(0,  0O),       (9.53) 
where  we  have  written 

t    j     /-^    sln[(2.4-l)^-T(0)  +  T(eo)] 


2*|r    p(0o] 


sin 


s,n(2n  +  l)9-^ 


sin 


„    /fl    fl^i/  C|Xn(^,  at0)  1  p  (6) 
-n^>  VI -^     |  cos  6  -  cos  0O  I      ' 


(9.54) 


a  <  *0  ==  C0S  ^0  <  ^' 

We  have  now  to  prove  the  validity  of  the  limit  relation 

2rt 

lim    f /(cos6)an(0,  ±:0o)de)  =  O 

n>oo  J 

for  a  +  2  e  <  6  o  ^  3  -  2  € ,  where  b  =  cos  a  and  a  =  cos  0 .    Setting 
z  =  eie  ;Z0  =  e1 0ot  ^  is  easily  shown  that 

sin  -g-2.         i  j 

«(*)(*  —  zQ)zn0 

We  now  show  that   /(cos  0)  Z7  (et0)  £  Lv    Indeed,  according  to  (7.60) 
ifa+€<e<3-e,  then 

P-8 


f    |/(cos8)||f(^)|d6< 

<c  / 


(9.56) 


J0 


•         l9-6ol{m^} 


rrr<co 
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Further,  if    0  £  e,     where  e  =  [0,  7r]  -  [a  +  €,  3  -  e],  then  |e  -  e0|  ^ 
>  e  and 

/|/(cos8)|.|F(^)|rfe<c1/|^p|de+c2/|/(cos6)ide< 


<C3||/(cose)||;  +  C4||/(cos6)||1< 


CO. 


(9.57) 


This  proves  the  desired  result,  namely /(cos  6)  F  (ei0)  £  Lv  According 
to  the  Riemann-Lebesgue  theorem  we  have 


lim 


ff(cosQ)F(ei»)ei{n+l)BdQ  =  0, 


and  this,  together  with  (9.55),  leads  simply  to  the  desired  limit  relation 


lim     f/(cos6){an(G,  B0)  +  an(B, —  %)\  dd  =  0, 

a  +  2s<0o<p  —  2s. 
It  remains  to  prove  the  analogous  assertion  for 

2% 

lim     f  f(cosB)cn(B,  0o)dB, 

where,  according  to  (9.54)  and  (9.55), 

cn(B,  0o)  =  An(x,  x0)—an(B,  0O)  —  ah(B,  —  0O)  = 


P  (6)  2  ^  W  Pk  (xo)  —  2^ 


7=0 


sin  (2/z  +  l) 


6  —  6, 


+ 


sin  (2/2  -f  1) 


6T[-60 


sin 


.e  +  60 


Let  us  break  up  [-1,  +1]  into  the  three  sets  elt  e2,  e3,  where 

1 


el  [  X0  nk  *      X0~~T- 


(9.58) 


(9.59) 


—  an(e;  e0)  — an(0,  —  e0).      o.eo) 


POLYNOMIAL  ORTHOGONAL  ON  A  FINITE  INTERVAL 


191 


we  will  denote  the  corresponding  sets  of  [0,  2tt]  by  Elt  E2,  E3;    It  is 
evident  from  the  fact  that  x  =  cos  6  that  to  every  point  x  of  [-1,  +1] 
correspond  the  two  points  0   and  2?r  -  e  of  [0,  2it]. 

Let  us  break  up  the  integral  of  (9.59)  into  the  three  integrals  over 
the  sets  E| ,  E2,  E3,  and  let  us  evaluate  each  separately. 

Since  on  Ex  and  E2  the  orthonormal  set  is  uniformly  bounded,  the 
expression  in  curly  brackets  in  (9.60)  is  O  (n)\  in  addition,  on  these 
sets  we  have,  according  to  (9.56)  and  (7.60) 


K(8.  %)[< 
Therefore 


7c  (eiQ)  —  7i  (eif)°) 


■K(ei(i)(eili-eiB) 


< 


cYpW) 


h\  = 


i 


Bt 


< 


ct 


-A--1 


(In  /i)T- 


2  * 


(9.61) 


Proceeding,  according  to  (9.54)  and  (9.52), 

J      ^       J      cos  6  —  cos  0o         ^ 


2  I  


F, 


E2 


(9.62) 


<ln«{Cj|ean|+.Cl!.eafl+a 


since  on  Ex  and  E2  we  have  h  n(0)  |  <  C  |  e2n|.    On  E3,  so  long  as 
a  +  27]  <  x0  <  b  -  2r]  we  have  |x  -  x0|  >  r\ ;  and  then  from  (9.52)  we 
obtain 


/  <-f-   /l/(cos6)|p(9)|Xre(x,  x0)\d<) 


< 


<{C5h„|+C6|s2n+2|}.    /Vrp(6).|/(cos6)|de  + 
+  C7  //>(9)|/(cos6)|h(l(8)|de  + 

E, 

+  c8  /p(e)|/(cos8)||1)B+1(8)|de. 


Ea 
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In  view  of  the  fact  that    /(cos  6)  £  Ll 


2k 


/Vrp(0)|/(co8e)|de<||/|i;-yrc0<do. 

?3 

Further,  (7.69)  and  Theorem  9.4  lead  to  the  inequality 

s  /p(0)  1/(008  9)^(6) i de<n/n;- .  nitoii^c^-L 

2?3 

&  =  «,  rt-f-1, 

and  hence 

I  '3 1<  Ch  |  e2n  |  +  C6 1  e2w+2 1.  (9#63) 

The  conditions  under  which  (7.70)  is  fulfilled  and  which  are  therefore 
sufficient  for  the  equiconvergence  of  expansions  (9.28)  and  (9.44)  on  an 
internal  interval  [a,  b\  a  [ —  1 ,  -|-  1  ]  are  given  in  Table  VIII,  where 
one  should  replace  o(e)  by  ^(x),  the  interval  [0,  2?r]  by  [-1,  +1]  the 
interval  [a,  3]  by  [a,  b],  and  jf(z)  by  f(x)£L%,  f(co*B)£Lv 

Szego  (  [1],  Section  13.8)  treats,  instead  of  condition  VII  the  fol- 
lowing conditions:  ^(x)  is  absolutely  continuous,  the  trigonometric 
weight  p(G) satisfies  condition  I  of  Table  IV  (with  y  >  2)  throughout 
[0,  27r]  (i.e.,  the  asymptotic  formula  (9.16)  with    lim  en  =  0    holds 

n->oo 

throughout  [-1,  +1]  ),  andf  (x)  is  measurable  and  bounded  throughout 
[-1,  +1],    Under  these  conditions  uniform  equiconvergence  obtains  in 
the  interior  of  [-1,  +1].    In  proving  Theorem  9.12  we  have  used  Szego's 
method,  generalizing  it  appropriately. 

Let  us  compare  Theorems  9.10  and  9.12.    In  the  first  of  these  f  (x) 
was  subjected  to  more  restrictive  requirements  on  [a,  b]  than  it  was  in 
the  second,  but  ^(x)  was  subjected  to  much  weaker  conditions;  even  the 
existence  of  the  integral  of  (9.5)  is  not  required. 

From  Theorem  9.12  we  obtain 

Theorem    9.13.     Let  the  function  /(cos  0)  £  Ll  and 
/(cos  0)  £  Lv  and  assume  that  on  an  internal  interval  [a,  b]  it  is  of 
bounded  variation;  let  the  integral  of  (9.5)  exist  and  assume  that  on  [a,  b] 
the    function  <^(x)    is   absolutely  continuous,  w(x)  >  m  >  0  is  continu- 
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ous  with  modulus  of  continuity  given  by  (9.46),  and  (7.50)  and  (7. 50") 
are  valid,  together  with  (7.70).*     Then  at  every  internal  point 
a+  e<x0<b-  ewe  have 

,im    Sn (/;  Xo)  =  /(*o  +  0)+/(*.-0)  .  (9-64) 

n  ->co  ^ 

Jackson  (  [3],  Chapter  II,  Section  14)  has  investigated  the  special 
case  of  this  theorem  for  Legendre  polynomials  (i.e.,  for  d^(x)  =  dx). 

We  note  in  conclusion  that  combining  Theorems  9.11  and  9.12 
gives  the  following  theorem: 

Theorem   9.4.    Let  fi(x)  and  j  2(x)  be  two  functions  satisfying 
the  conditions  of  Theorems  9.11  and  9.12,  and  let  them  be  expanded 
in  two  sets  of  orthonormal  polynomials  {pn^(x)},  {pn  (x)}  ,  satisfying 
the  conditions  of  these  theorems.    Then 


lim    {s{n\h\  x)  —  s(n2)(/2;  x)}=0  (9.65) 


ri->oo 

in  the  interior  of  [a,  b]. 

Indeed,  according  to  Theorem  9.12 
lim   {s^ifi,  x)  —  s^(f{,  x)}  = 

n->oo 

=  lim  {5(n2)  (/2;  x)  —  sf  (U  x))=Q, 
and  according  to  Theorem  9.11, 

lim    {<40)(/i;  x)  —  sf(U  x)}=0, 

W->oo 

which  gives  the  desired  result  (9.65). 


*  Conditions  sufficient  for  this  are  given  in  Table  VIII. 
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NOTATION  IN  THE  TABLES 

I.    Orthonorm  al   polynomials. 

The  polynomials  {</>n(z)}   are  orthonormal  on  the  circle  z  =  e^ 
with  respect  to  the  measure  do (6),  and  o'(0)  =  p  (6)  is  the  weight. 
7r(z)  is  a  function  analytic  for  |z|  <  1,  defined  by 

2it 


*!<!■. 


I 
5r(z)=expj-1L/|^lnO'(O)d0    , 

<Pn(z)  are  polynomials  defined  by 

The  polynomials  {pn(x)}   are  orthonormal  on  [-1,  +1]  with  respect  to 
the  measure  d^(x),  and  ^*(x)  =  w(x)  is  the  weight,  while  p(6)  = 
=  w(cos  0)  | sine |  is  the  trigonometric  weight. 

II.  Sets. 

E  is  the  set  of  points  on  which  the  derivative  o'(e)  >  0  exists. 
CE  is  the  complement  of  E. 

Eh  is  the  set  of  points  displaced  with  respect  to  CE  through  a  dis- 
tance h. 

yv(0)  is  tne  characteristic  function  of  E. 

*„  (0)  =  « («"•')  -r*  (0).  -^  =  -^y  tE  (0)  =  K(0)  |», 

/o(0)=/(e«)T;,(0). 

III.  Function   classes. 

C  is  the  class  of  continuous  functions. 
AC  is  the  class  of  absolutely  continuous  functions. 
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V  is  the  class  functions  of  bounded  variation. 
L«  is  the  class  of  functions  Lebesgue-Stieltjes  integrable  with  ex- 
ponent p: 

r  ^ 


=  ^/|/(0)lP*,(6)|    <oo. 
I        o  J 


Lp  is  the  class  of  functions  Lebesgue  integrable  with  exponent  p, 
i.e.,  with  do(e)  =  de. 

A^  is  the  class  of  functions  with  the  following  properties:  for  every 
N  >  0  there  exists  a  number  h  such  that  if  p(0)  >  N,  then  \f  (e  +  h)  |  < 
<    A^  where  |h|  <  h0>  and  A  is  independent  of  h. 


Lp  is  the  class  of  functions  such  that 


/ 


11/11      =  /    \f{x)\Vdif{X)\     <D^ 


Lip(a,  p)  is  the  class  of  functions  such  that  ^  (6,-f )  <  C6a, 
0  <  a  -s  1. 

IV.    Moduli   of  continuity. 
(o(8;/)=    sup  |/(0+^—/(8)|,     0,8  + A£  [0.2*]; 

|ft|<8 

co' (&;/)  =    sup  |/(0  +  /*)_  /(0),     0,  0+/*£[a,  p]; 

|fc|<8 

<4  (»;/)  =  sup  11/(8 +/o_/(8)|i;; 

^(8;/)=    sup   ||/(6  +  A)-/(6)||p; 

I  A  l<  8 

1 

c4(8;/)=     sup      *    *      /"    |/(8  +  /.)-/(8)|^0}    ; 


/(8)=    »ap|^8+gV(6)    I- 

II  w  II7 

8n  =  min  k0(°)  — 2  a/c*H  . 


fc^O 
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TABLE  I 

Estimates  of  <  =  »?  (~ ;  *)  <  ]/ ' l  (~)  for 
dc0(e)=/i(e)rfe 


N° 

Conditions  on  p(e)  on 

[0,  27T] 

Majorant  for  6^ 

0</ra</?(8)<Af 

I 

c^y—  ;p)>  or  ^2j/®i (—;/>) 

II 

0<m</?(6) 

or    C3 1/  ©!  (-  ;  />) 

III 

or   cBy  *v(— ; />), 

or     C4|/"^(l;l) 

IV 

pM<m>j$)Zli 

or    C3|/  ^(1;!) 

V 

lim/(5)=0 

6>0 

*/^5 
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TABLE  II 


Estimates  for  the  Orthonormal  Polynomials  <pn(*) 
on  the  Entire  Circumference  *  =  ^e,  o<e<2* 


.M 

Conditions  on  0(9)  on    ! 

[0,  27T] 

Estimates  for  |  </>n(eie )  | 

I 

0<m</7(6) 

o(V~^j 

a  (6)  £  iiC, 
/(5)<c(ln-i)"Y,  Y>1 

C  Y n    almost  everywhere  on[0,  2n 

III 

e(b)£AC,  O<m</7(0) 

CYn 

IV 

O<X/?(0); 

C1  +  C2^{|/^(I;i)+<} 

V 

a(0)e^C,  0<m</7(6)<M 

r 

r  =  1     or  r  =  2 

VI 

O</w<p(0); 
1 
/70(6)eLl    6(E  Eh 

C  +  dV^o)^!;  ln/?)  + 

+  C2V^co2(I;Y^  + 

VII 

a(0)£,4C,  O<w</7(0)<M) 
p  (0)  €  Lip  (1 ,  2) 

c 

VIII 

a(G)£AC,    O</W</?(0), 
P(0)€Llp(l,l)    or    /7(6)€V 

c 
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TABLE  II  (continued) 


M 

Conditions  on  o  (e)on 

[0,  27T] 

Estimates  for  |^n(eie)l 

IX 

o(6)€i4C,  O<m</?(0), 
P(Q)ZC,     />(6)€Llpl 

C 

X 

a(8)<=,4C,    0<m</?(6), 
/>(9)€C 

co(o;/7)<^(ln-i)    \ 
T>1 

C 

XI 

pir^v,  '><> 

oin1^) 

a  (0)  6  i4C,  /?  (8)  g  £r, 

/7(0)  €^-"  y+7"1' 

XII 

Ci+Ctn'*^  »rfep)     or 

XIII 

o(6)€j4C,    /?(0)<^f. 
/7(B)    ^ 

Ci+Ct«/^(1;1) 

XIV 

ln/?(6)€Ai 

«  =  exp  L-ljln/7(0)flf0   , 

1           o                    J 

2* 
1      /• 

0 
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TABLE  IK 
Local  Estimates  for  the  Orthonormal  Polynomials  [eia,  e&\ 
in  the  Interior  of  an  Arete",  e*?\ 
In  all  cases  o(0)  is  absolutely  continuous  on  [a,  3],  and  p(0)  is 
bounded  from  below  on  the  same  interval:  p(@)  >  m  >  0. 


K° 

Conditions  on  0(0) 

Bstimate   for 
K(ete)L 

on  the  interval 

[0,  2TT] 

on  the  interval 
ia.31 

I 

a(Q)£AC,  0<m</?(8) 

p(6)<Af 

o(VD 

II 

cr(8)^C,p(0)=/71(0)/72(6) 
a^>0,  even  integer; 

O<>2</?2(0)<Af2 

cYn 

III 

cYn 

IV 

In>(6)€^i 

o(fH  •  O  = 

-oiYni 

V 

in /?  (0)6^i 

p(fl)6C;o)  (5;/7)< 

<C1/T(ln{)"T 

T>1 

C 

VI 

p(8)^ 

P  (0)  €  V 

c 

VII 

P(0)eil 

P(0)€C;  o)(o;/?)< 
<d(ln|)    T,T>1 

c 

VIII 

i 

/>  (8)< M  for 
Q€[a,a  +  2e.], 

+  C1/n»,1(I;^) 

IX 

^-ei< 

P  (0)  <  M 

Ci  +  C2  Y~n  X 

xK(i=>)r. 

r  =  l    or    r  =  2 
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TABLE  IV 
The  Limit  Relation  <p*n  (eiB)  —  *  (eiB)  =  ew  =  o  (l) 
on  the  Entire  Circumference 

In  all  cases  o(e)  is  absolutely  continuous,  and  p(6)  is  bounded 
from  below  and  from  above  throughout  [0,  27r]. 


Jfe 

Conditions  on  p(0)  on 

[0,  27T] 

Estimate  for  |  €  n  | 

I 

P (6) €C» (*;/»< C  (in  1)   T, 
T>1 

CiOn/i)1^ 

II 

o>2  (5;  />)  =  <?  (VT) 

C1U(^)7«(r^)|  + 

III 

a       ^ 
0 

i 

n        ^ 
C±  i   X    2  co2  (*;  /?)  dx 

0 

IV 

n(z)$Ct  *(*)=£<>,  |*|<1; 
7^(2-)  $AC,   1*1  =  1 

TAHT17   \7 

The  Local  Limit  Relation  in  the  Interior  of  the  Arc 

<P*(ei9)-*(ei9)==en  =  o(l),  a  +  e<e<p-s 
On  [a,  6]  in  all  cases  o(e)  is  absolutely  continuous,  and 
p(0)  >  m  >  0  is  continuous. 


H 


Conditions  on  o(e) 


on  the  interval 
[0,  2tt] 


on  the  interval  [a,  3  ] 


Estimate  for  |  en| 


ln/?(6)€Li 


<«>  (S  />)  < 
<C/b-(lnl)"1 

T>1 
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TABLE  V  (continued) 


jsjj, 

Conditions  on  o  (0) 

Estimate  for  |  en  | 

on  the  interval 

[0,  27T] 

on  the  interval  [a,  3] 

II 

topQKLi 

a>(5;  //')< 

<c(,nl)-\ 

T>1 

III 

p(8)  =  /71(8)/72(0) 

=ll\eiB-eih\a\ 
«*>0,  0<m2< 

</72(6)<M2 

1  n/|)\ 

<e-e0)*  1/7(0) 
_^(eo)(0_0o)|<c 

IV 

/>  (0)  <  Af, 

-^  M    ft  e  F^ 

»0;/»)<c(inl)  r, 

T>1 

+  C2co2(-;7)  + 
-hQClnn)1^ 

M*)'*    '    c  * 

V 

P  (9)  6  £„ 
1 

I+Jr  =  l,r>l, 
r    x    r'             ^ 

Po\*)<M>-«*E» 

»(&;/>)<c(ln-y)   T, 

7>2 

+  C2o>?r(I;  y^  + 
-|-C3co4(I;ln^-j- 

-|-C4(In«)'"T 
or  Cx&n-r- 

+c,-|/«r(^rpj  + 

H-C4  (In*)2"' 
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TABLE  V  (continued) 


Conditions  on  o  (0 ) 

Estimate  for  |  en  | 

on  the  interval 

[0,  27T] 

on  the  interval  [a,  3] 

VI 

0<m</>(6) 

co(5;p)<c(lny]"T, 
T>2 

Q5n  + 
+  C2o)4(l;ln/;)  + 

+  C3a>2(l;  V?)  + 

+  C,(ln«)2-^ 
or    C^-j- 

+  q/~"i(|;/>)  + 

+  C4(ln/z)2-Y 

VII 

P  (9)  <  M, 

Pi*)^Lx 

<c(lnij"T.T>2 

+  C4(ln»):-T 
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NOTES 

CHAPTER  I 

The  integral  in  (1.1)  and  the  later  integrals  are  Lebesgue-Stieltjes 
integrals. 

If  o(e)  has  a  f  in  ite    number   of  points   of  increase 

{%}    ,  then  $TO  (z)  =  TJ  (z  —  e  k)  is  a  polynomial  orthogonal  to  all 

r  im-i  =  J 

the  vPv  (z)j        ;  but  since  for  this  polynomial  we  have 


;  uul  since 

2ir 


2^  /  I  *«,  («*)  I2  da  (0)  =  0, 


it  follows  that  a__  =  °°;  and  therefore  in  this  case  one  can  construct 

r  "i  m  ~  i 

only  the  finite  set  \<PV (z)  /  0 

1.1.  Concentrated   mass.      If  z0  =  el^o  in  (1.10),  then  the 
greatest  mass  /JimaX(Oo)  tnat  can  ^e  concentrated  at  60,  assuming  that 
for  don(e)  we  know  only  the  first  n  moments  {ck}0  of  Eq.  (1.20),  is 
given  by  u^}ax(G0)  =  1/  K0(z0,  z0);  a  result  which  can  be  obtained  from 
the  obvious  inequality  * 


if 

o 


On  ie*) 


Gn(e^) 


,a(e)>°Jld^-L(irf.  (1) 


In  the  notation  of  (8.4*)  and  (8.5)  we  have  yn(z)  °n  v  ' 


from  which  it  is  clear  that  the  {<P^(z)}0,  and  therefore  also  the  Kn(z,z), 
depend  only  on  the  {cjJJ.    Applying  Stieltjes*  considerations,  one  can 
show  that  if  all  the  moments  {c^}0^  are  given,  then** 


*  See,  for  instance,  N.  I.  Akhiezer  and  M.  G.  Krein  [2], 
**  See  Ya.  L.  Geronimus  [1],  Section  20. 
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a(e0-f-o)-q(e0-o) 
2* 


i9.\  12 


2 1  **(«•■-) 

ft=0 


(2) 


from  which  it  is  clear  that  the  series  J^  I  <?k  Ul  ')  |2  converses  at  points 
of  mass  concentration. 

The   class    H<5.    A  function/ (z)  regular  in  the  region  |z|  <  1 
belongs  to  the  class  H<5  (6  >  0)  if 


2tc 


fr(f)=^f  1/(^)1^8  <C,    r<  1, 


(3) 


where  C  is  independent  of  r. 


Since  the  integral  does  not  decrease  as  r  is  allowed  to  increase,* 

the  limit      Km    Ir  (/)  always  exists.    For  a  function  of  class  H<5  this 

r->l-0 
limit  is  finite,  and  we  write 


Hm     /r(/)  =  4    f  1/(^)1^6. 
r-»l-0  ^  */ 


i/(^)i<{2^' 


r<l. 


(4) 


A  function  f(z)£H?t   has,  on  the  circumference  |z|=  1,  radial 

boundary  values  f(e^)=     lim    f(reifj)  almost  everywhere,  and  these 
r-»l-0 

are  such  that  \f(e^)  |5    and     |/(^°)  |     are  in  Lj.    If  6  >  y,  then 

Theorem  of  V.  I.  Smirnov.  If  f(z)  is  regular  for  |z  |  <  1, 
and  pseudopositive  (i.e.,  has  positive  real  part),  then  f(z)£  H?>,  where 
0  <  6   <  1. 


*  See,  for  instance,  G.  Polya  and  G.  Szego  [1],  Vol.  I,  Part  III,  Problem  310. 
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Summation  by   Abel's   (or   Poisson's)   method.    If 

2tc 

cn=^f  e~in*  do  (8)  =  an  +  lbn,        (n  =--  0,  1,  2,  . . .),  <5> 

6 

oo 

then  -^  -f  2j  iPn  cos  hd  -  6n  sin  n0)is  a  Fourier-Stieltjes  series  which  is 

n  =  l 

if  formally  identical  with  that  obtained  from  term-by-term  differen- 
tiation of  the  Fourier  series  for  o (e ).    We  apply  F  a  t  o  u  *  s   theorem, 
which  states  if  at  e0  the  generalized  symmetric  first  derivative  O(i)(0o), 
exists,  then  the  differentiated  Fourier  series  of  o  (6)  sums  at  the  point 
0O  by  Abel's  (or  Poisson's)  method  to  the  value  o^(e0).  This  means, 
that  according  to  (1.22)  the  limit 

oo 

§-  -f     lim     V  r*  (ak  cos  k%  —  bh  sin  k%)  = 
2         r->l-0  *** 

*-i  (6) 

=    lim    c0^{F(r^)}  =  a(1)(80). 
r->l-0 

exists.    The  generalized  derivative  Oi(60)  exists  almost  everywhere  in 
[0,  27T]. 

1.2.  Integral   of  the   Cauchy- Stielt  jes   type.    Let 
T(e)  be  any  complex- valued  function  of  bounded  variation  defined  on 
[0,  2ir],    Then 


2k 


(9)  (7) 


is  called  an  integral  of  the  Cauchy- Stieltjes  type,  and  according  to 
the  theorem  of  Smirnov F (z)  £//s  (0<  &  <  1)  for  |z|  <  1. 

The  fundamental  theorem   of  I.    I,    Privalov  onthebound- 
ary  values  of  such  an  integral  (as  applied  to  radial  boundary  values) 
states  that  almost  everywhere  on  the  circumference  |  z  |  =  1  we  have 

2k  2k 

0  0 

where  the  integral  on  the  right-hand  side  is  defined  as  singular. 
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An  integral  of  the  Cauchy- Stieltjes  type  is  called  a  Cauchy- 
Stieltjes   integral   if  its  boundary  values  from  the  interior  of  the 
unit  circle  taken  along  all  nontangent  paths  are  equal  to  r  '(60)  almost 
everywhere.    A  necessary  and  sufficient  condition  for  this  is  that  F(z)  = 
—  0  for  |z|  >  1,  which,  in  turn,  is  equivalent  to 

2tc 

(9) 


f    *to*rfT(0)  =  O,  (/I  =  l,    2,    ...). 


We  may  then  apply  the  theorem   of   G.    M.    Fichtenholz  which 
states  that  if  a  function  F(z)  is  regular  in  the  region  |z|  <  1,  and  can  be 
represented  in  this  region  by  a  Cauchy-Stieltjes  integral,  then  F  (z)  £  Hx 
and  it  can  therefore  be  represented  in  terms  of  its  boundary  values 
through  the  Cauchy  integral  formula. 

The   theorem   of   Montel.    Given  a  family  {f  (z)}  of  func- 
tions regular  in  a  region  B  and  satisfying  the  inequality  \f  (z)-  a|  >m> 
>  0,in  this  region,  from  every  infinite  sequence  of  these  functions  one 
can  choose  a  subsequence  converging  uniformly  in  B  to  a  function  which 
may  be  identically  infinite. 

Theorem   of  Hurwitz.    Let  the  sequence  of  analytic  functions 
{f  n(z)}  ,  regular  in  a  region  B,  converge  uniformly  in  the  interior  of  B 
to  some  function/ (z)  =£0.   If  z  =  a  is  a  zero  of  order  k  of  f  (z),  there 
exists  a  neighborhood  e  =  |z  — a|  <  6  and  a  number  N  >  0  such  that  if 
n  >  N,  eachfn(z)  has  k  zeros  in  e. 


CHAPTER  II 
Properties   of  the   class   H2.   By  definition  of  H6  ,  if 

oo 

/(*)=  2  akZk£H<i    then 

k-i) 

oo 

M/)=  2  I** I1 /**<£.        r<l,  (10) 

fe  =  0 

oo  oo 

which  means  that    2  ajcZk  ^  ^i  if  and  only  if   2  I  ak  l2<  °°- 

k=Q  ft=0 
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An    inequality   for    weighted   means.     The  inequality 
j     I  )  6 

j    [  p(x)\nf(x)dx  ^p(x)f(x)dx 

.    a a (11) 

exp     -b —     < 1 


f  P  (-*)  dx         j  |  p  (x) 


dx 


is  in  general  true,*  where  p(x)  and  j  (x)  are  nonnegative  and  finite 
almost  everywhere  on  [a,  b],  and  p(x)  is  a  summable  function.    In  our 
particular  case  the  role  of  p(x)  is  played  by  P(r;  Q  -  <p). 

Parametric   representation   of   the    class    H<5.    Every 
f{z)  £  Hi      can  be  represented  parametrically  according  to 

f  lK  \ 

1      C  .       .n.e**  +  z  .J. 


fi2)^2meaJJ  \«n\     *n~*  .  exp{  J_  f  {nq{%)^±£m  }X 

[  i  r++*      1  (12) 


0W  —  Z 

0 


where  m  >  0  is  an  integer,  0  <  X  <  2rc,  {  |  a^  |  }c1°<  1,  and 

oo 

2  {1  —  I  «n  I  }  <  oo.  Here  q(6 )  is  a  nonnegative  function  such  that 

lnq(  8).  {<7  (6)}  6  Lh    and  ^  (6)  is  a  nonincreasing  function  whose  de- 
rivative vanishes  almost  everywhere. 

Conjugate    functions.    If   /  (6)  £  L  (0,  2k)  is  a  function  such 

oo 

that  the  trigonometric  series  Si  _[_  V  {ah  cos  £0  -f-  bk  sin  &0)  is  its 

Fourier  series,  the  conjugate  trigonometric  series     V  (ak  sin  £0  — 

—  bk  cos  £0)     is  not  in  general  the  Fourier  series  of  a  class  Lj  function. 
It  is  summable  by  Abel's  (or  Poisson's)  method  almost  everywhere  on 
[0,  27r],  which  means  that 


*  See  Hardy,  Littlewood,  and  P6lya  [1],  Section  6.7. 
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CO 

lim     V  (ajc  sin  £80  —  bk  cos  k%)  rk 
r  +  l-Of**. 

ctg-^=^/(8)rf8=/(80) 


27C  (13) 


2tt  J 


exists.    This  integral,  understood  in  the  sense  of  the  Cauchy  principal 
value,  exists  almost  everywhere  in  [0,  2tt],  and  J(e)  is  the  function 
conjugate  to  f  (6). 

Boundary   values   of   tt(z).    According  to  (2.16)  and  (2.4) 
we  have,  in  our  case, 

/(6)  =  ln-7i=ai,     /(6)  =  arg  *<**). 

V  P{)  (14) 

Since  the  Poisson-Lebesgue  integral  of  (2.16')  may  be  considered  a 
special  case  of  a  Poisson- Stielt jes  integral,  we  may  use  Fatou's  theorem 
as  we  did  in  1.1,  and  we  then  find  that  the  limit  of  the  real  part  of 
(2.16)  exists  at  all  points  e0  for  which 


lim    \  Oh       I 

h  +  0    \  *h      J 


ln/?(8)</0  \ 
\         %-h  J 

exists,  and  then 

(  %+h 


lim     \n\%(reiB°)\  =  —  ^r  lim  {  ^r-      f    ln/?(8)rf8>. 
r-»l-0  *  h->0  I   ^"      */ 


(1'5) 


(15*) 


The  theorem  of  F.  and  M.  Riesz.  If  / (2)  £  H1  ,  and  if 
its  boundary  value  f  (eie)  is  of  bounded  variation  on  [0,  27r],  then  it  is 
also  absolutely  continuous  on  [0,  2tt], 

From  this  we  obtain  the  following  theorem:  if  Eq.  (9)  is  fulfilled 
with  a  function  t  (6)  of  bounded  variation  on  [0,  2tt],  then  this  func- 
tion is  absolutely  continuous  on  [0,  2tt]. 
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CHAPTER  III 

3.2.   Holder's    inequality.    If  p  >  1  and  1/p  +  l/p'=  l.then 

i  i 

6  (    b  }~P     f    6  \p' 

fu{x)v(x)d<?(x)    <<   f\u{x)\*dv(x)\    .  {   C\v{x)\*dx\    , 
l«  J  la  J 

(16) 
where  </>(x)  is  a  nondecreasing  bounded  function.*    By  setting  p  =  p'  =  2 
we  obtain  theBunyakovskii-Schwarz   inequality. 

Theorem   of  M.    Riesz.    If/(8)€/.*\  p>l,then  /(0)  £  Z,^. 

Inequalities   for   logarithms.     From  Lagrange's  mean 
value  theorem  we  easily  obtain  the  inequalities 
\e°-e*\*£eu\x-y\,    x,  y  <  M;    |  In*-  lay  |>  ^-|  *-  v  |, 

jf,  y<M;    jinjc— lny|<-^-U  —  y|,    jc,  y>m>0.  (17) 

In  (3.15)  we  have  written  x  =  )/>  (0  +  B),  y  =  "[/>  (0),   /?  (0)  >  m  >  0. 
Derivation   of  Szasz's   inequality   from   Bernshtein  's 

S5 

inequality.    Consider  the  polynomial      Pn (z)  =  2  (afc  H~ ^a) ^' 

fc=0 

Assume  that  in  the  closed  region  |z|  <  1  the  modulus  of  the  derivative 
of  this  polynomial  takes  on  its  maximum  value  at  z  =  1,  or** 

\Pfn{z)\<P'n{\)  =  M,     |/>n  (*)|<I,     \z\<\. 
From  this  we  obtain  the  inequality 


I  Im  {Pn  (*e)} 
which  leads  to 


2  (ak  sin  ^9  +  ^  c-os  £0) 


A;  =  l 


<£, 


2  k  (ajc  cos  &0  —  bjc  sin  £0) 


=-i 


<  nL, 


since,  according  to  Bernshtein's  theorem  the  inequality  1*1^(0)1  <L,  0  < 
<  0  <  27T  for  a  trigonometric  polynomial  of  degree  n  implies  the  inequality 
|Ty0)|  <  nL,  0  <  9  <  27r  for  its  derivative. 


*  The  integrals  on  the  right  hand  side  are  assumed  to  exist. 

*  *  This  can  always  be  done  by  rotating  the  axes  and  multiplying  by  an 

appropriate  factor. 
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Therefore 

n 

3*7.   Theorems   of   Hardy   and    Littlewood.    1)  If  a 
function  is  of  bounded  variation  in  [0,  27r],  it  is  equivalent  to  a  class 
Lip  (1,  1)  function.  2)  Conversely,  if 

/ (6)6  Lip  (y,  r\,  r>\,      then        /(8)  €  Lip  (-,  q} 
for  q  >  r;  3)  If  the  Fourier  coefficients  (an,  bn)  of  f  (e)  are  0  (  — J , 
then /(6)e  Lip  (I,p),p>2. 

3.8.  The  compactness  principle.  A  family  of  functions 
{/(z)j  regular  in  a  region  B  is  called  compact  if  from  any  sequence  of 
these  functions  one  can  choose  a  subsequence  which  converges  uni- 
formly in  the  interior  of  B.  A  necessary  and  sufficient  con- 
dition for  compactness  is  that  the  family  be  uniformly  bounded 
in  the  interior  of  B;  i.e.,  that  for  every  closed  set  F  in  the  interior  of 
B  there  exist  a  number  M(F)  <  °°, such  that  |f(z)|  <  M(F)  for   z£F  . 

Helly's   theorems.  1)    Assume  that  on  [a,  b]  we  are  given  a 
family Tf(x)}  of  functions  which,  together  with  their  total  variations, 
are  uniformly  bounded  on  [a,  b].    Then  from  this  family  one  can 
choose  an  infinite  sequence  {fn(x)}  which  converges  essentially*  on 
[a,  b]  to  some  function  </>(x)  of  bounded  variation.    2)   Assume  that  on 
[a,  b]  we  are  given  a  continuous  function  F(x)  and  a  sequence  of  func- 
tions {fn(x)}  whose  total  variations  are  uniformly  bounded,  and  that 
on  [a,  b]  this  sequence  converges  essentially  to  some  finite  function 

f(x).    Then 

b  b 

lim      f  F(x)dfn(x)=    f  F(x)df(x).  (lg) 

i.  ^>  no     J 


n->-  oo 


*  This  means  that  it  converges  on  an  everywhere  dense  set,  in  particu- 
lar on  the  points  of  continuity. 
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Uniqueness  of  the  solution  of  the  trigonometric 
moment  problem.  Given  a  sequence  of  complex  numbers  {cn}^ 
it  can  be  represented  in  the  form 

2ic 


i    r 

-2~  J    e~*rt  da  Q)  =  en,         (n  =  0,  1,2,  ...), 


(19) 


where  o(0)  is  a  bounded  nondecreasing  function,  if  and  only  if 

An  =  I  cw  |  >0,     c-n  =  cn,        (/i  =  0,  1,  2,  ...)•  (20) 

Further,  o(e)  is  determined  from  the  given  moments  {c^  up  to  an 
additive  constant,  since  it  can  be  found  by  (8.11),  where* 

oo 

F(z)  =  l+  ^Yczz*,        |*|<1.  (21) 

A   conjecture   of  V.    A.    Steklov.     "Unfortunately  we  are 
unable  to  write  down  the  general  set  of  necessary  and  sufficient  condi- 
tions to  which  the  weight  must  be  subjected  in  order  that  the  entire  set 
of  orthonormal  polynomials  corresponding  to  this  weight  be  bounded. 
I  believe  that  the  entire  orthonormal  set  is  in  general  bounded  when- 
ever the  weight  fails  to  vanish  in  the  interior  of  the  given  interval.    I 
have  not,  however,  been  able  to  obtain  a  rigorous  proof  of  this  assertion 
or  to  give  a  counterexample  in  which  the  orthonormal  set  is  not  bounded 
at  every  point  within  the  interval." 


CHAPTER  IV 
4.1.  Properties   of  Fejer   and   Jackson   sums.    Let 

£/«(/;  0o)  =  -^-//(0)/C„(8,  0o)rf0,  (22) 

o 
where  /(0K  Llt  and  the  kernel  Kn(6,  60)  has  the  following  properties: 

80+s 

■^       {    \Kn  (9>  9o)  I  d®  <  C  »  where  C  is  independent  of  both  n  and  e0; 


*   See,  for  instance,  N.  I.  Akhiezer  and  M.  G.  Krein  [1],  pp.  43-59. 
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2)   max  | Kn(6  ,  90 1  "*  0  as  n  -*  °°  for  1 6  -  G0|  >  €  >  0.    Then  from 
the  boundedness  of  f(0),  namely  from 

1/(9)  \<M,    ^<8<p, 
we  may  deduce  that  the  Un(f ;  60)  sums  are  also  bounded: 

I  */»(/;  Oo)  i  <  ^i.    «  +  £<80<p-e. 
Actually,  we  have 

l^n(/;0)l<-^  /      1/(6)1  •  I  /Cn(0,   0o)U0  + 

l8-fl'|  <e 

+  ^-         /     1/(6)1- 1 /Cn  (6.  6o)|rf0< 

ie-e0*i>8 

<AfC+     max     |  /Cw  (6,  60)  | .  ^   f  \f(Q)\dt. 

o 

a-  re  in—  !  [  sinv(6-60)  |i 

J  sin  -1(6-  0O)  J 


f  ...  v 


/C»(M0)  = 


siny(6-0o)  |4  (23) 


-^+1>|sinj(e-00) 

[where  in  the  first  equation  y  =  (n+  l)/2t  and  in  the  second  equation  v  = 
=  (n+  2)/2],  associated  with  the  Fejer  and  Jackson  sums,  have  properties  1) 
and  2).    The  poisson  kernel  has  the  same  properties  when  one  replaces 
the  limit  n  -*  °°  by  r  -*■  1  -  0,  for  it  is  clear  that 

4.2,  An   inequality   for   sin   x.     For  0  <  x  <  V2,  wehave 
(2/7T)  x  <  sin  x  <  1. 

Relative    magnitudes   of   means   of   different   orders 

Let  (    b 

f  \f(x)\rd<?(x) 

\- 1 ) 

f  *P  (-*) 
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f\nf(x)d<?(x) 


0(/)  =  exp{« 
I 


/  rf?  <*) 


(25) 


(26) 


where  <?(x)  is  a  bounded  nondecreasing  function.    Then 

l)Afr(/)<Affl(/)>    if   r<?; 

2)    if  /><0<r  ,  then  A*,  (/)<<?  (/)<A*r(/).* 
In  particular,  — -  £  Lr,   r  >  0,  implies  that  In/?  (0)  £  I,    for  p  (&)  £  Lj. 

4.3.  Theorem   of   Privalov.    If  f(e)  is  continuous  in  [0.27T] 
and  if  /(0)  £  Lip  a,   0<  a  <  1,  then  /(0)  £  Lip  aJ  if,  on  the  other  hand, 

a  =  1,  then  a>  (o,  f)  =  0  (o  in-r-j . 

4.4.  Bess  el's    inequality.     Let  H  be  separable  Hilbert  space 
and  let  {</^(x)}J°  be  an  orthonormal  set  of  functions  in  it;  that  is,  let 
(<%,  <PS)  =  6ks.    Let  /£  //  ,  and  denote  by  f  k  =  (f,  <Pk)  the  Fourier- 
Chebyshev  coefficients  of  this  function  with  respect  to  the  set{^(x)}. 
Then 


mm 


■f-2  W* 


fc  =  i 


/-i;  /*?*!=  l/i/p-ii  iai2>o;  (27) 


and  from  this  we  obtain  Bessel's  inequality  2j  I'*!  ^  JL  I'*i  ^1 

oo 

and,  therefore,  convergence  of  the  series     2u  |/a|2- 


k  =  l 


Dense  n  ess   of  one   class   of   functions    in    another. 
If  p  >  q  >  0,  then    Lp  cz  Lq,  and  the  class  Lp  is  dense  in  Lq.    This 
means  that  every  class  Lq  function  can  be  approximated  with  arbitrary 
accuracy,  in  the  metric  of  Lq,  by  a  class  LD  function. 


*  See  Hardy,  Littlewood,  and  Polya  [1],  Section  6.18, 
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1         C  /ffl-/(go)dC  =  0t  1^1  =  1.  (28) 

nl     J  c,  —  z0 


4.5.  A   property   of  the   class   H5     for    6   >    1.    If 
f(z)£Hz,  then  6  >  1 


2 

Indeed,  for  the  special  case  in  which  the  function  r  (0)  of  (7)  is 
absolutely  continuous,  we  have  the  integral   of   the    Cauchy 
type 

'«-»     /W        '«>^      <"*  (29) 

ICI-l 

which  will  be  a  Cauchy   integral   if  its  boundary  values  along 
every  nontangent  path  in  the  interior  of  the  unit  circle  coincide  with 
f(C)  almost  everywhere  on  the  circle.    Applying  (8)  to  the  integral 
of  the  Cauchy  type,  we  have 


1      r  /(o <«     1      r  /to  a     1  ,,  , 


|U  =  i  |t;|  =  l 


(30) 


which  leads  to 

1     r  /(o  dc     1     r/(o-/(r0)       , 

riT-o25     7    -C=736       2S     J  c_  *C +  /(*„)•       (31) 

IC|  =  i  1 C I  =  l 

For  a  Cauchy  integral  we  obtain  Eq.  (28).    This  also  implies 


If     lim      1        /•><«*+    Mm      »        f^U 

2tr>1_02it/     J     Z  —  rz0    '   r>i.h02«/     J     C  —  rz0  1 
Kl  =  i  I c I  -.1  J 

2ti/     J       C 


|C|«n  ICI-1  )  (32) 

/(C)  rfC 

|q  =  i 
an  equation  which  we  used  in  proving  Theorem  4.9. 

4.6.  Summation    of   Fo  ur  ie  r  -  St  ie  It  j  es    series.    We 

make  use  of  the  theorem  that  states  that  at  every  point  o0  at  which 

(4.76)  holds,  the  Fourier- Stieltjes  series 

00  2* 

y  +  2  («*  cos  *80-  6*  sin  *80),     cfc  =  a*  +  /6ft  =  ±  /Vift9rfa(0) 

*  =  i  0  (33) 
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is  Cesaro  summable  to  the  function  o*(e).    The  fact  that  the  Fejersum 
of  order  2v  -  1  can  be  represented  by 

2% 

^.>^/isin;(6~eo)r^  (34) 

iKS{   jsinl(0-eo)  I 

implies  the  result  (4.78). 


CHAPTER  V 

oo 

5.  l.Tauber's   problem.     Let    f(z)=  2  akzk  be  a  P°wer 

fc  =  n 

series  with  unit  radius  of  convergence,  and  consider  its  partial  sums 

n 
sn  (z)  =  V  akZk  ;  one  may  then  ask  for  the  sufficient    condi- 
fc=o 

tions   under   which   the   existence   of   one   of   the    limits 

lim       lim    sn(retB)>   lim      lim       sn(relB)  (35) 

r-M-0n->oo  n->cor->l-0 

implies    the   existence   of  the   other   and   the    two 

limits   are   equal.    The  existence  of  the  second  is  implied  by  the 

existence  of  the  first  according  to  Abel's  theorem,  but  the  convergence 

is  not  true  without  additional  restrictions,  as  is  shown  by  the  example 

oo 

=  VATauber's   theorem  states  that  if  an  —  o  ( — ) ,  then 

fc=o 
at  every  point  e0  where  the  radial  boundary     ijm     f(reiQ°)   exists,  the 

r>l-0 
oo 

series    ^  ajje11^0  converges  to  this  boundary  value.* 

fc  =  0 


*  Tauber's  theorem  for  power  series  has  been  generalized  in  several 
directions.    In  particular,  it  has  been  shown  that  the  condition  a~=o  I—) 

,1V  ^^ 

can  be  replaced  by  the  more  general  condition    an-  O  (  — )  or  even 
by  a  >  C/n,  C  >  0. 
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In  our  case  we  are  dealing  not  with  a  power  series,  but  with  a 

oo 

more  general  Fourier-  Chebyshev  series  of  the  form  ^j  ¥&  (0)  yk  (^),and 

&  =  o 

under  condition  (3.28)  it  always  converges  for  |z|  <  1  to  a7r(z).    The 

problem  is  then  to  find  sufficient  conditions  under  which  the  existence 

of  the  radial  boundary  value  ?r(eieo)  implies  the  limit  relation 

lim  <&(ei9)  =  n(eH 

n  ->  oo 

5,2.  Copson's   inequality.    If  0  <  p  <  1,  then 

S*g.<p-»'S(**+V+"f-  bn>0-       <36> 

2 
Then  (5.17)  is  obtained  by  setting  p  =  1/2,  bn  =  |an|  .    To  derive (5. 18) 

and  (5.20)  we  use  Jensen  '  s   inequality  which  states  that  if  <P(u) 

is  convex  from  above  and  increases  for  u  >  0,  and  if  V(0)  =  0,  then 


fc=l  {       k=l       J 


tk>0. 


Thus 


2m  +  1-l 


2»      S     *(«<*■ 


Writing  a^ 


8=2/    -  \ 

-is-. 

V         8=fc       / 


2W+1-1 


S  =  2' 


w     ^    U  \  <  T  I  2^:  ^J  's  > 


6  =  2 


we  see  that  the  sequence  {a^}  is  nonincreas- 


jTM— 1, 


ing,  and  simple  geometric  considerations  show  further  that    2       a  m   < 

2m-l 

<        2     as     so  that* 

oo  oo  oo  cx>  (  oo  \ 

2t(«<2  22"-v<2  S  a'=2  2  *  tS'4- 

fc  =  2r  m=r  v=2r-l  v  =  2r_1      '        *  =  v       ' 


*  This  method  is  due  to  S.  B.  Stechkin  [1], 
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r-i 


Setting   2r"    <  n  +  1  <  2r,  </>(u)  =  V"u,  tk  =  |</>k(°)l  .  we  obtain 

1 

oo  oo  oo  t     oo  \    2 

2  iT*(«>)i<  2  i»*<p)i<2  2  77iS''*(0)|M  < 

OO  OO 

<c2  7?-(^")«    2     fc*(h>)< 


(37) 


v  =  2r"2  v  =  2^-2- 


<Cl    /v^W2(t;/?)^- 


!1±I_2 

4 


For  sufficiently  large  n  we  have  — 3 2  >—  ;     and  setting 

z  =  1/5  y,  we  arrive  at 


oo 


2      |?*<0)|<C,  y     *     «os(l;p)rfy. 


V7" 

fc  =  n  +  l  w  7 

Theorem   of   Hardy   and    Littlewood.    If  /(8)  £  Lip  (a, /?), 
a  <  1>  P  >  1  and  if  a  >  1/p,  then  j (6)  is  equivalent  to  a  function  of 
class  Lip  (a-  1/p). 

Kuz'mina's   condition.    Kuz 'mina's  condition  implies  that 
7r(z)  is  a  continuous  function  in  the  closed  region  |z|  <  1,  and  is  abso- 
lutely continuous  and  nonzero  on  the  circumference  |z|  =  1.    Therefore 
its  real  and  imaginary  parts  both  have  the  same  properties,  and  its  co- 
efficients are  therefore  o  I—  )    .    Now  (2.8)  states  that 

5M<Af||7r(^e)-Gn(^0)||2) 
and  then,  by  choosing  Gn(z)  to  be  the  partial  sum  of  the  Maclaurin 


series 


tt(z),  we  obtain  hn  =  o(—==)  ;  we  may  then  use  Theorem  5.1, 
Vy  n) 


5*4.  Quasi- uniform   convergence.     A  sequence  of  func- 
tions {f  n(x)}  converging  on  [a,  b]  to  a  function  f  (x)  is  said  to  converge 
quasi- uniformly  if  for  every  €  >  0  and  every  integer  Nj  there  exists  an 
interger  N2  >  Nj  such  that  if  x  £  [a,  b]  ,  then  |fn(x)  -  f  (x)  |   <  €,  where 
the  index  n  =  n(x)  may  depend  on  x,  but  always  satisfies  the  inequality 
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Nj  <  n  <  N2.    If  all  the  {f  n(x)},  f  (x)  are  continuous,  the  convergence 
is  quasi- uniform. 

Mean   value   theorem   on   the   circumference.    Iff(z) 
and  its  first  two  derivatives  are  continuous  on  an  arc  T  of  the  circum- 
ference |z  |  =  1,  then 

/  (^2)  =  /  (^i)  +  V-f  (*o)  (*2  -  ^i).     I  P  K  T > 

,        /7T\2         (38) 
/(**)  =  /  (*l)  +  /'(*<>)  (*,  ~  *l)  +  ^/'(*o)  (*2  -  *1>*.    I  V  I  <  [y)    ' 

where    zv  z2  £  1  ,  and  z0  lies  on  r  between  zx  and  z2. 

Equicont  inuity.    The  functions  of  a  family  {f(z)}   are  said 
to  be  equicontinuous  in  a  region  B  if  for  every  €  >  0  there  exists  a 
6  >    0  such  that 

j/(z2)-/(^)|<e,    Zi.^SS,  (39) 

for  every  function  of  the  family  so  long  as   |z2-  zj  <  6. 

5. 5.    Cauchy-Bunyakovskii    inequality.    If  p  >  1  and 

1/p  +  1/p*  =  1,  then 

j_  j_ 

(40) 


The  Cauchy-Bunyakovskii  inequality  is  obtained  by  setting  p  =  p'  =  2. 

Szego's    inequality.    If  Pn(z)  is  a  polynomial  of  degree  n 
and  if  I  Pn  (z)  |<  M,   z  £  I\    where  r  is  the  interval  [-1,  +1],  then  the 
derivative  satisfies  A.    A.    Markov's    inequality 

\P'n(z)\^n*M,    z£T.  (41) 

At  internal  points  -1+  €  <  z  <  1  -  e ,  e>  Owe  obtain  Bernshtein's 
inequality 

\P'n{z)\KCnMt  (41') 

where  C  is  independent  of  both  n  and  z. 

Szego  has  generalized  these  inequalities  to  the  case  of  an  arbi- 
trary analytic  curve  in  place  of  the  line  interval.  In  particular,  if  T 
is  an  arc  of  a  circle,  then  (41')  holds  within  r. 
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5. 7.  Convergence   of   a   subsequence.    If  a  sequence  of 
functions {fn  (0)}  £  LQ   converges  in  the  metric  of  this  space,  there 
exists  a  subsequence  converging  almost  everywhere  in  [0,  27r]  to  the 
same  limit. 

5.8.  Convergence    in    measure.    If  on  a  measurable  set  E 
we  are  given  a  sequence  of  functions  {  j n(x)}   and  a  function  f  (x),  and 
if  all  the  functions  are  measurable  and  finite  almost  everywhere  on  E, 
we  say  the  sequence  converges  in  measure  to  f  (x)  if 

lim   MesEns{|/M  — /|>e}  =  0.  <42) 

If  the  sequence  converges  almost  everywhere  on  E  or  if  it  converges  in 
the  metric  of  Lp ,  then  it  also  converges  in  measure  to  the  same  func- 
tion.   If  a  sequence  converges  in  measure,  it  contains  a  subsequence 
converging  almost  everywhere  to  the  same  function. 

Generalized   theorem   of  Khinchin   and   Ostrovskii. 
Let  the  sequence  {fn(z)}  of  functions  regular  in  the  region  |z|  <  1 
satisfies  the  two  conditions 

1)  f  ln+  |  fn  (reiB)  \  dQ  <  C,  where  C  is  independent  of  both  n  and 
o 

r<  1, 

2)  there  exists  a  set  of  points  E  of  positive  measure  on  the  cir- 
cumference |z|  =  1  on  which  the  sequence  of  boundary  values*  {fn(eie)} 
of  the  given  functions  {fn(z)}  converges  in  measure.  Then  the  sequence 
{fn(z)}  converges  uniformly  in  the  region  |z|  <  1  to  some  function  f  (z), 
and  on  E  the  sequence  {fn(ei0)}  converges  in  measure  to  f  (eie),  the 
boundary  value  of  f  (z). 


CHAPTER  VI 

6. 1 .  Theorem   of  Walsh.    Let  C  be  a  bounded  closed  set  of 
points  of  the  plane  whose  complement  G  contains  z  =  °°    and  is  con- 
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nected  in  regular  (which  means  that  it  is  possible  to  construct  a  Green's 
function  g(z;  °°)  for  it  with  a  pole  at  infinity.    Then 

g(z;co)  =  \n\z\  +  i  +  o(±y      d  =  d  (C)  =  e~t ,  (43) 

where  y  is  called  Robin's  constant,  and_d  the  transfinite  diameter  of 
C.    The  function  w  =  <P(z)  =  eS+ih  maps  G  onto  |z|  >  1,  where  h(z;°o) 
is     a    harmonic  function  conjugate  to  g(z;  °°).    Now  if  the  set  F  of  all 
the  zeros  of  the  polynomials  {Pn(z)  =  zn  +  ...}    has  no  limit  points 

outside  C,  and  if  |  Pn  (z)  |<  Mn,  z  £  C,  then    lim  \fWn  =  d  if  and  only 

n-yoo 

n 

if  in  G  we  have,  uniformly,   lim    y\Pn(z)\=*  d\y(z)\. 

n>  00 

Theorem   on   the    limit   of   a   sequence.  Let  there  be 

given  a  sequence  {f  n  (z)  }  of  functions  such  that  in  the  region  |  z|  <  1  they 

are  regular,  uniformly  bounded,  and  nonzero,  and  such  that  the  limit 

lim  fn  (0)  =  0   exists.   Then  uniformly  in  |z|  <  1  we  have 
n  >  00 

lim   /„(*)  =  <>. 

fc->oo 

The    inverse   of  an   increasing   function.    We  have 
made  use  of  the  following  two  theorems   of   M.    G.    Zaretskii: 
1)    A  continuous  strictly  increasing  function  f  (x)  is  absolutely  continu- 
ous if  and  only  if  the  image  f  (E)  of  the  set  of  points  on  which  fv{x)  - 
-  +  °°  is  of  measure  zero.    2)   The  inverse  of  a  continuous  and  strictly 
increasing  function  f  (x)  is  absolutely  continuous  if  and  only  if  f*(x)  > 
>  0  almost  everywhere. 

Fejer's   generalization   of   Tauber's   theorem.    Fejer 
replaces  the  condition    an  =  o  (  —  1  in  Tauber's  theorem  by 

J>l"nl2<co. 


•  These  boundary  values  are  understood  to  be  taken  along  any  path  not 
tangent  to  the  circle. 
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6.2.  Theorem   of   Cesaro.    We  have  used  a  simple  special 

case  of  the  general  theorem  which  states  that  if  lim    r^  =  5  ,  then 

n  ->  oo  "n 

Um   ?  +  ?+•"+?»  =  * 
Theorem   of   Hardy   and    Littlewood.    If  the  series 

oo 

f(z)=~  y  a^  nas  unit  radius  of  convergence,  if  an  >  0,  and  if  z->l 

fe  =  0  n 

as   f  /r^  ^     :       ,  then     Zuak~  n. 
JK'       \  —  2  k  =  o 

n 

Theorem   of   Landau.    If  the  series  / (z)  =  2  ak2k  has  unit 

fc  =  0 

radius  of  convergence,  if  #    =  o  (_  ) ,  and  if  |  f(z)|<  M  for  |z|<  1, 

I    n  \n) 

then  I  V  a^e1^  <  N,  where  N  is  independent  of  both  n  and  <P. 

i  ft=o 

6.3.  Theorems   of  Luzin.     1)    If  the  trigonometric  series 
with  coefficients  (an,  bn)  converges  on  a  set  Ecz  [0,  2ttJ  of  positive 
measure,  then      lim  an  =    lim    bn  —  0. 

n  ->  oo  n  ->  oo 

2)    If  the  above  convergence  is  absolute,  then  the  numerical  series 

oo 

2  {  I  fl»  I  +  I  bn  i  >    converges. 

n  =  0 

Privalov's   theorem.     Let  the  functions  {^(x)?0,  form  an 
orthonormal  set  on  [0,  1],  and  let  them  converge  uniformly  on  this  in- 
terval.   1)    Then  the  convergence  of  &  &iflk  ^x>   everywhere  on  [0,  1] 
implies  that    lim    gn  =  0  .    2)    If  the  above  convergence  is  absolute, 

n  ■>  oo 

oo 

the  numerical  series       ^  |  gn  |   converges. 

n  =  l 

Egoro  v  '  s    theorem  .     Let  the  sequence  of  measurable  functions 
{/ n(x)-l"  converge  on  a  set  E  of  positive  measure.    Then  given  any  e>  0, 
there  always  exists  a  set  E'  cz  E  ,  such  that  Mes  E'  >  Mes  E  -  €,  on 
which  the  sequence  converges  uniformly. 
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CHAPTER  VII 

7.1.    Theorem   of  F.    Riesz    and   Fischer.    Given  a  separ- 
able Hilbert  space  H  and  in  it  an  orthonormal  set  of  functions  {<a}J°,  to 

oo  K 

any  sequence  {gn/i   of  complex  numbers  such  that   2j  '  Sn  I2  <  °o 

n  =  l 
there  corresponds  a  unique  function  f^H    such  that  the  {gn/  are  its 
Fourier- Chebyshev  coefficients  with  respect  to  the  given  set  "t^k-a  » 
and  for  this  function  the  closure  condition  is  fulfilled: 


lim 

n  ->  oo 


n  II  /"  oo 

Sw*  =l/«/p-2iftl2=°-         (44) 


Theorem   of   Nikolaev.    V.  F.  Nikolaev  has  shown  for  a 
special  case,  and  S.  M.  Lozinskii  and  F.  I.  Kharshiladze  have  shown  in 
in  general,  that  if  Un(f ;  x)  is  a  linear  operator  which  carries  any  arbi- 
trary function  f  (x)  belonging  to  the  class  C(a,  b)  into  a  polynomial 
Gn(x),  such  that  Un(Gn;  x)  =  Gn(x),  then  ||un||  ^  (In  n)/8  Sir,  where  the 
norm  of  the  operator  Un  (f ;  x)  is  the  lower  bound  of  the  numbers  Mn 
such  that  max  |un(f ;  x)|  <  Mn  •  max|f(x)|.    Thus  for  the  operator 
Un(f ;  x)  =  sn  (f ;  x)  we  obtain  the  inequality 

i  2K  \ 

\\Un\\=max\-±-  /  \Kn(ei\  e1*)  \d*  (0)  >  >  -^r  ,        0  <  60  <  2u. 

(45) 

Estimate    for    a   partial   sum.    Expression  (7. 38n)  is  a  gen- 
eralization of  a  well  known  result    due    to    Lebesgue   which  states 
that  if  a  function  f(Q)  is  bounded  according  to  |  f(Q)\  <  M,  0<  0  <2tt, 
then  the  partial  sums  of  its  Fourier  series  satisfy  |sn(f ;  6)|  ^  CM  In  n, 

o  <  e  <  2tt. 

7.8.   Theorem    of   Fatou    and    M.    Riesz.     If  the  series 

oo "" 

f  {z)  =    2jak2      has  unit  radius  of  convergence  and  if    lim   an  =  0  , 

k  =  0  n  ->oo 

then  it  converges  at  every  point  of  the  circumference  |z|  =  1  at  which 
f(z)  is  regular,  and  this  convergence  is  uniform  on  every  arc  all  of  whose 
points  (including  the  end  points)  are  points  of  regularity  of  the  function. 
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CHAPTER  VIII 


8.1.  Construction   of  F(z)   from    its   parameters.  The 
function  F(z)  of  (8.10)  can  be  constructed  from  the  moments  {cn}0  , 
which  are  its  Maclaurin  coefficients.    It  can  also  be  constructed  directly 
from  the  parameters  {an}0  ,  which  are  related  to  its  continued  fraction 
expansion  according  to 

FM      i   |      ggofj  «i(l-l«ol*)*l 

\ax-\-a?z  \a^  +  a3z 

an  expression  which  converges  uniformly  in  a  circle  "l!  an  lib    <  1  If 
|z|<  1.    Indeed,  (8.9)  and  (8.9')  imply  that 

is  its  convergent  of  order  n,  and  this  together  with  (1.16*)  implies  the 
desired  convergence. 

Transformation    of   Zhukovskii    and    Chaplygin. 
This  transformation  is  treated  in  detail  in  N.  E.  Zhukovskii's  Theoreti- 
cal Basis  of  Aeronautics  [in  Russian]  Part  I,  Chapter  VII  (Collected 
Works  [in  Russian],  Vol.  VI,  1950).* 


8.2.   Comparison   of   means   of   different   orders.    If 

r 

j  n  LA  '  ~K '    I    '  then  mr  <  ma  for  0  <  r  <  q. 

I         ft-l  )  H 


•     1     V   ■ 


8.3.    Absolute   eq  uicont  i  nuit  y.    Consider  a  set  E  on  which 
is  defined  a  family  of  summable  functions  {/ (x)}  .    These  functions 
have  absolutely  equicontinuous  integrals  if  for  every  €  >  0  there  exists 


*  Also  available  in  French  translation:  N.  Joukowski,  Bases  Theoriques 
de    l'Aeronautique  (Gauthiers-Villars,  Paris,  1916). 
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a  6  >  0  such  that  on  every  subset  e  a  E,  Mes  e  <  o  the  inequality 
dx  <  e   holds  for  arbitrary  function  in  the  family. 


|//w 


Representation   of   a   harmonic    function    by   a    Pois- 
son-Lebesgue    integral.    The  function  u(z),  harmonic  in  the 
circle  |z  |  <  1  can  be  represented  in  terms  of  its  boundary  values  (eie) 
by  the  Poisson-Lebesgue  integral 


2k 


»(^)-^/l-2rcos(0-.)  +  ^»^Ve.       ,<1,      (47) 

0 

if  and  only  if  the  functions  of  the  family  {u(rela)},  r  <  1  have  absolutely 
equicontinuous  integrals  on  [0,  2tt]. 


CHAPTER  IX 

9.6.   A   property   of   functions   of  bounde  d   v  a  r  i  a  - 
t  i  o  n  .    If  f  (x)  is  of  bounded  variation  on  an  interval  0  <  a  <  x  <  b, 
then  as  b  -*  0  this  variation  tends  to  zero.    If  the  contrary  were  true 
there  would  exist  a  sequence  of  nonintersecting  intervals  [an,  bn]  tend- 
ing to  zero,  on  which  the  variation  of  f(x)  would  be  greater  than6>  0, 
and  then  the  variation  on  [a,  b]  would  not  be  bounded. 

9.8.  Riemann-Lebesgue    theorem.    If    f  (Q)  £  L^  .then 


Km     f  f(U)emdQ  =  Q. 


(48) 


x 

0 


Theorem    of  Jordan.    If  f  (0 )  is  of  bounded  variation  on  [0,  27T], 
then  at  every  point  e0  its  Fourier  series  converges  to  the  value 

V2{f(e0+  o)  +  f(e0-o)}. 
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